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1. Introduction
1.1 Motivation

There are at least three good reasons for studying in great detail the physics
of B- and D- mesons. First, the standard model predicts small but observable
CP-asymmetries in decays of B—mesons. Search and measurement of these
asymmetries would give a check on the standard Kobayashi-Maskawa (KM)
accounting of CP-violation in the standard model!. It is worth noting that,
inasmuch as only one CP violating parameter is know, namely ¢, almost any
model of CP violation can account for it by fixing its free parameters.

Second, the rates for rare decays of heavy mesons are sensitive to departures
from the standard model. These rare processes are good probes for new physics
since they start at 1-loop order in the standard model. For example, the partial
widths for B — K*y and B — K*£*£~ in models with two higgs doublets can
easily differ from the standard model’s by an order of magnitude. Less (or not
at all) rare, but no less interesting, is B® — B® mixing. This depends strongly
on the top quark mass. The observation? of B® — B® mixing, with large mixing
parameter (r~0.2) in 1987, was the first evidence that the top quark was really
very heavy.

Last, but not least, precision determination of the elements of the KM
matrix is naturally done through study of decays of heavy mesons or baryons?.
This is important on two counts. The more precisely known these KM elements

are, the more strongly constrained models that address the family problem will
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be. And, also, the standard model predictions for CP asymmetries and rare
decay rates, as described above, depend on the KM matrix!).

For these reasons, it is necessary and important to make precise stan-
dard model predictions, in terms of standard model parameters, of rates for
semileptonic and rare decays, and of CP asymmetries. Discouragingly, these
calculations run into the usual difficulties associated with hadronic matrix ele-
ments?): strong interactions render perturbation theory useless, and we know
of no alternative calculational tool®). None, that is, until recently, when Isgur
and Wise discovered new symmetries of QCD4.

These lectures will describe these recent developments. We will introduce
the Heavy Quark Effective Theory (HQET) and then we will find the new
symmetries of QCD. We will then put to use these symmetries in a variety of
ways. In particular, we will find that the form factors for semileptonic B decays
to D or D* mesons can be determined at the point of maximum momentum
transfer (that is, when the resulting D or D* meson is at rest in the B rest
frame). We will also discuss systematic corrections to these results.

The lectures are prepared with an audience of uninitiated non-experts in
mind. In preparing these notes I have, for the sake of clarity, departed badly
from the chronological order in which these developments took place. Peda-

gogy, rather than historical accuracy, is what I aimed for. In so doing, I have

D Although, it must be said in all fairness, in the case of rare processes, the
ratios ['(B — K*¥)/T(B — Deb) and T(B — K*ete™)/T(B — Dep) are
fairly independent of KM angles.

2) CP asymmetries in decays of B°(B°) mesons to CP eigenstates are, in
some cases, independent of nonperturbative matrix elements. Nevertheless, if
the asymmetry is to be predicted, the KM angle must be previously extracted
from, say, semileptonic decays, for which understanding of nonperturbative form
factors is needed (see section 5.1, below).

3) Save for numerical simulations of lattice QCD. These, however, convey little
physical insight, and are, at present, technologically limited in their ability to
produce precise results, e.g., few results are known with dynamical fermions.
The methods that are the subject of these lectures, are valuable on the lattice;
for a recent review, see ref. [3]



undoubtedly offended some, as it may appear I am intent on not giving them
due credit. To them, I apologize in advance. At least two other sets of lectures
on this subject have appeared recently, one by Mark Wise® and one by Howard
Georgi®. The reader interested in the historical developments that led to the
HQET can find an account in ref. [6}.

1.2 Physical Intuition

The central idea of the HQET is so simple, it can be described without
reference to a single equation. And it should prove useful to refer back to the
simple intuitive notion, to be presented below, wherever the formalism and
corresponding equations become abstruse.

The HQET is useful when dealing with hadrons composed of one heavy
quark and any number of light quarks. More precisely, the quantum numbers
of the hadrons are unrestricted as far as isospin and strangeness, but are +1
for either B- or C-number, but not both (the other vanishing). In what follows
we shall (imprecisely) refer to these as ‘heavy hadrons’.

The successes of the constituent quark model is indicative of the fact that,
inside hadrons, strongly bound quarks exchange momentum of magnitude a
few hundred MeV. We can think of the typical amount A by which the quarks
are off-shell in the nucleon as A = m,/3 =~ 330MeV. In a heavy hadron the
same intuition can be imported, and again the light quark(s) is(are) very far
off-shell, by an amount of order A. But, if the mass Mg of the heavy quark
Q is large, Mg > A, then, in fact, this quark is almost on-shell. Moreover,
interactions with the light quark(s) typically change the momentum of @ by A,
but change the velocity of @ by a negligible amount, of the order of A/Mqg < 1.
It therefore makes sense to think of Q as moving with almost constant velocity,
and this velocity is, of course, the velocity of the heavy hadron.

In the rest frame of the heavy hadron, the heavy quark is practically at
rest. The heavy quark effectively acts as a static source of gluons. It is charac-
terized by its flavor and color-SU(3) quantum numbers, but not by its mass.
In fact, since spin—flip interactions with @ are of the type of magnetic moment

transitions, and these involve an explicit factor of g, /Mg, where g, is the strong
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interactions coupling constant, the spin quantum number itself decouples in the
large Mg case. Therefore, the properties of heavy hadrons are independent of
the spin and mass of the heavy source of color.

The HQET is nothing more than a method for giving these observations
a formal basis. It is useful because it gives a procedure for making explicit
calculations. But more importantly, it turns the statement ‘Mg is large’ into
a systematic perturbative expansion in powers of A/Mg. Each order in this
expansion involves QCD to all orders in the strong coupling, g,. Also, the
statement of mass and spin independence of properties of heavy hadrons appears
in the HQET as approximate internal symmetries of the Lagrangian.

Before closing this section, we point out that these statements apply just
as well to a very familiar and quite different system: the atom. The role of the
heavy quark is played by the nucleus, and that of the light degrees of freedom
by the electrons (and the electromagnetic field)¥). That different isotopes have
the same chemical properties simply reflects the nuclear mass independence of

the atomic wavefunction. Atoms with nuclear spin s are 25+ 1 degenerate; this

4) An obvious distinction between the atomic and hadronic systems is that in
the latter the configuration of the light degrees of freedom is non—computable,
due to the difficulties afforded by the non-perturbative nature of strong inter-
actions. The methods that we are describing circumvent the need for a detailed
knowledge of the configuration of light degrees of freedom. The price paid is
that the range of predictions is restricted. To emphasize the non-computable
aspect of the configuration of light degrees of freedom, Nathan Isgur informally
referred to it as “brown muck”, and the term has somewhat made it into the lit-
erature. (Sometimes, in fact, in modified form: B.J. Bjorken has used the term
“brown gunk”.) When presenting these lectures in spanish, and for the benefit
of those in the audience who were not very proficient in English, I quoted the
dictionary translation: “muck [mik]s. fiemo, estiércol, abono, basura; (fig) por-
queria, suciedad; cosa de poco valor.” As this caused considerable amusement,
and for the reader who is not a Spanish speaker but also not very proficient
in English, I thought it appropriate to quote here from an English dictionary:
“muck [muk] 1. filth, dirt 2. manure 3. highly organic soil. 4. useless rock.”
Also, “gunk [gurigk], n. (Informal). repulsively greasy, sticky or slimy matter.”
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degeneracy is broken when the finite nuclear mass is accounted for, and the
resulting hyperfine splitting is small because the nuclear mass is so much larger
than the binding energy (playing the réole of A). It is not surprising that, using
Mg independence, the properties of B and D mesons are related, and using

spin independence, those of B and B* mesons are related, too.

1.3 How to read these notes

I have organized these lectures in what I belive to be logical order. In so
doing I have postponed the physics until section 4. My recommendation for the
uninitiated reader is to start by reading again section 1.2. Then take a quick
go through chapter 2, describing the construction of the HQET, and chapter
3, introducing the new symmetries of the HQET, skipping sections 2.5 and 2.6
on a first reading. Chapters 4 and 5 are the heart of the subject and should be
read carefully. They describe applications of the HQET to purely leptonic and
semileptonic decays of heavy mesons. Then, depending on personal preference,
the reader could continue with chapter 6 that tells how to incorporate finite
mass corrections, chapter 7 which gives a quick overview of some of the other
applications of the HQET that have appeared recently, or could go back to read
more carefully chapters 2 and 3, including this time sections 2.5 and 2.6, if a

more thorough understanding of the methodology of the HQET is desired.

2. The Heavy Quark Effective Theory
2.1 The Effective Lagrangian and its Feynman Rules

We shall focus our attention on the calculation of Green functions in QCD,
with a heavy quark line, its external momentum almost on-shell. The exter-
nal momentum of gluons or light quarks can be far off-shell, but not much
larger than the hadronic scale A. This region of momentum space is interesting
because physical quantities —S-matrix elements— live there. And, as stated
in the introduction, we expect to see approximate symmetries of Green func-
tions in that region which are not symmetries away from it. That is, these are

approximate symmetries of the S—-matrix, but not of the lagrangian.
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The effective Lagrangian L.g is constructed so that it will reproduce these
Green functions, to leading order in A/Mg. It is given, for a heavy quark of
velocity vy, (v? = 1), by?,

% = Q,ivDQ, (2.1.1)

where the covariant derivative is
DI‘ = a“ + igsAzTa y (2.1.2)

and the heavy quark field @, is a Dirac spinor that satisfies the constraint

1+
() e=a.. (2.13)
In addition, it is understood that the usual Lagrangian CLjign. for gluons and
light quarks is added to 3.

We can see how this arises at tree level, as follows®. Consider first the tree
level 2-point function for the heavy quark
1

GY(p) = FTig

(2.1.4)

We are interested in momentum representing a quark of velocity v, slightly
oft-shell:

Pu = Mquu+ky . (2.1.5)

Here, ‘slightly off-shell’ means k, is of order A, and independent® of Mgq.
Substituting in eq. (2.1.4), and expanding in powers of A/Mg, we obtain, to

G®(p) =i (1—;’—”) ;)l—k +0 <Miq) . (2.1.6)

We recognize the projection operator of eq. (2.1.3), and the propagator of the

leading order,

lagrangian in (2.1.1).

5) Here ‘independent’ is used to remind us that Mg is a free parameter in
QCD. We can imagine taking the limit Mg — oo keeping A fixed.
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Similarly, the 3-point function (a heavy quark and a gluon) is given by
GEVa(p q) = (i T )—— A , 2.1.7
n (7, q) f"MQ( 1gs 1Y )i+4"MQ v#(q) ( )

where A, ,(q) is the gluon propagator. Expanding as above, we have

61000 = () Leinrv) i an@+o (). 219)

where we have used

(1_%1) - (1_3;1) = (l—f;l) v, . (2.1.9)

Again, this corresponds to the vertex obtained from the effective Lagrangian in
eq. (2.1.1). It is straightforward to extend these results to arbitrary tree-level
Green functions, provided only one heavy quark is considered and all other
(light) particles carry momentum of order A.

The effective Lagrangian in (2.1.1) is appropriate for the description of a
heavy quark, and indeed a heavy hadron, of velocity v,. It does, however, break
Lorentz covariance. This is not a surprise, since we have expanded the Green
functions about one particular velocity: in boosted frames, the expansion in
powers of A/Mq becomes invalid, since the boosted momentum k, can become
arbitrarily large. Lorentz covariance is recovered, however, if we boost the

velocity

Uy — Auvvu (2.1.10)

along with everything else. It will prove useful to keep this simple observation

in mind®.

6) In an alternative method, championed by Georgi®, the effective Lagrangian
Les consists of a sum over the different velocity Lagrangians, ng)» of eq. (2.1.1).
Lorentz invariance is recovered at the price of “integrating in” the heavy degrees
of freedom. This does not lead to overcounting of states, because the sectors of
different velocity do not couple to each other, a fact that Georgi refers to as a
“velocity superselection rule”. See also [10].
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2.2 What is an effective theory?

In the previous section an effective Lagrangian Lg’f) was introduced such
that Green functions é.,(k;q) calculated from it agreed, at tree level, with
corresponding Green functions G(p;q), in the original field theory (that is,
QCD) to leading order in the large mass

G(p; q) = G, (k;q) + O (A/My) (tree level) . (2.2.1)

Here, A stands for any component of k, or of the ¢’s, or for a light quark mass,
and p= Mqv + k.

The remarkable thing about eq. (2.2.1) is that while the left hand side
depends on Mg, and generally in a complicated way, the first term of the
right side is independent of Mg and is a good approximation to the left side if
Mg > A. Albeit remarkable, this fact is useless unless extended beyond tree
level.

Does eq. (2.2.1) hold beyond tree level? The answer is a resounding ‘NQ’,
but the correct version is still close in form to eq. (2.2.1), and, more importantly,

as we will see, useful:

G(p; g;1) = C(Mq/p,9,)Gu(k;q;4) + O (A/Mg)  (beyond tree level) .
(2.2.2)
This equation will be proved in the following section. The Green functions G
and é,, are renormalized, so they depend on a renormalization point pu. The
function C is independent of momenta or light quark masses: it is independent
of the dynamics of the light degrees of freedom. It is there because the left
hand side has some terms which grow logarithmically with the heavy mass,
In(Mq/p). The beauty of eq. (2.2.2) is that all of the logarithmic dependence
on the heavy mass factors oul. Better yet, since C is dimensionless, it is a

function of the ratio Mg /u only, and not of Mg and p separately”. To find

" Actually, additional y independence is implicit in the definition of the
renormalized coupling constant g,. This reflects itself in the explicit form of C;
see section 2.4.



the dependence on Mg it suffices to find the dependence on p. This in turn is
dictated by the renormalization group equation. More on this later.

Equation (2.2.2) is useful only to the extent the G is really independent of
Mgq. One should be careful to use Mg-independent renormalization conditions
in the effective theory. This might seem like a trivial point, but in proving
(2.2.2) we will use an intermediate renormalization which is Mg—-dependent.
Also, in general the renormalization scheme and point, g, need not be the same
on both sides of eq. (2.2.2). The additional generality translates into practical
complications and it is best avoided. One is therefore led to choose a mass-
independent subtraction scheme on both sides of eq. (2.2.2). In practice, it is
convenient to use dimensional regularization with an MS scheme.

It is instructive to note the similarities of the HQET and the more usual
kind of effective theory —call it ‘normal’— in which a heavy particle is ‘inte-
grated out’. Take, for example, the case of weak interactions at low energies,
that is, when all the momenta involved are much smaller than the W-boson
mass. Everyone knows that we can account for the effects of the W-boson by
adding to the Lagrangian terms of the form

1

e (2.2.3)

ALeﬂ' = MW

where O is a 4-fermion operator and x contains mixing angles and factors of the
weak coupling constant. This is simply the statement that a Green function G
of the original theory (the standard model including QCD) can be approximated
by a Green function Go of the effective theory (a gauge theory of QCD and

electromagnetism) with an insertion of the effective Lagrangian:
G= - kGo+ (2.2.4)
=z cee 2.

The ellipses stand for terms suppressed by additional powers of (Mw )~2. This
equation is very similar to eq. (2.2.1). It replaces the task of computing the
more complicated left side, which depends on Mw , by the computation in the
effective theory which is independent of My , and indeed, completely free of the
W-boson dynamical degrees of freedom. On the right hand side, the factor of
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1/MZ, gives the dependence on the W-boson mass simply and explicitly. And
incorrectly! Just as above, the full theory has logarithmic dependence on My

which has not been made explicit. The correct version is!?

G = 2 kO(Mu /1 0.)C0 + - (2.2.5)
w
The function C is, in this case, also known as the ‘short distance QCD effect’
first calculated by Altarelli and Parisi!?, and Gaillard and Lee!3.
Summing up, an effective theory (of either the ‘normal’ or the HQ type) is
a method for extracting explicitly the leading large mass dependence of ampli-
tudes. Moreover, the rules of computation of the effective theory are completely
independent of the large mass.

2.8 The Effective Theory Beyond Tree Level

In section 2.1 we established the validity of the HQET at tree level, and in
section 2.2 we saw that beyond tree level things must get complicated. Here we
will describe how the HQET works, and will establish the equivalence between
the full and effective theories, as given by eq. (2.2.2), to 1-loop. The gener-
alization to all orders in the loop expansion is straightforward, and not really
enlightening (see ref. [8]).

Consider a Green function, both in the full and effective theories, for a
heavy quark and n > 2 gluons. It suffices to prove the equivalence for one-
particle irreducible (1PI) functions. In figure 1 the left side is calculated in
the full theory and the right side in the HQET. The double line stands for the
heavy quark propagator in the HQET.

+ 0 (I/M)

Figure 1
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We can prove the validity of the equation represented in figure 1, diagram
by diagram (there are several diagrams that contribute to each side of the

equation). Consider, for definiteness, the diagrammatic equation in figure 2.

\E}% : E%; o

Figure 2

The equation would trivially hold if we could make the propagator replace-

ment

i 1+79¢ i

Fl-Mg ( 2 ) w{E+D)
even inside the loop integral. Here p = Mgv + k, and [ is the loop momentum.
In other words, in the right hand side of figure 2, we take the limit Mg — oo
and then integrate, while on the left side we first integrate and then take the
limit. Everyone knows that, if both integrals converge, then they agree. And
that is the case for figure 2, and, indeed, it is also the case for any 1-loop
integral with a heavy quark and n > 2 external gluons. We have established
figure 1 for n > 2.

We are left with the 2-point (n = 0) and 3-point (n = 1) functions.
These are different from the n > 2 functions in two ways. First, they receive
contributions at tree level. And second, they are divergent at 1-loop. Choose
some method of regularization. Dimensional regularization is particularly useful
as it preserves gauge invariance (or, more precisely, BRST invariance). The
comparison between full and effective theories is simplest if the same gauge and

regularization choices are made. For concreteness, consider figure 3.
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+ O (1/M)

Figure 3

Since both sides are finite, we can argue as before. But we run into trouble
when we try to remove the regulator. One must renormalize the Green functions
by adding counter terms, but there is no guarantee that the counterterms satisfy
the same relation as the regulated Green functions of figure 3. To elucidate the
relation between counterterms, take a derivative on both sides of figure 3 with
respect to either the residual momentum, k,, or the gluon external momentum,
¢u. This makes the diagrams finite and the regulator can be removed. Thus,

at 1-loop, the relations

K] 0 ~
9 oy 9 &en ,
ak“G ak“G,, + O (A/Mg) (2.3.1)
and ) 9
— G = G2 4 O(A/M, 2.3.2
6q“ 6q;; v ( / Q) ( )

hold. The counterterms, or at least the difference between them, are k, and ¢,
independent. It is a simple algebraic exercise to show, then, that the difference

between counterterms is of the form
aG0 4 pG210 (2.3.3)

where the superscript ‘0’ stands for tree level, and a and b are infinite constants,

i.e., independent of k, and g,. Thus, one can subtract the 1-loop Green func-

~ tions by standard counterterms, and establish the equality of figure 3.

A similar argument can be constructed for the 2-point function. One must
take two derivatives with respect to k,, but that is as it should, since the

counterterms are linear in momentum.
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We have therefore established that, to 1-loop, the renormalized Green
functions in the full and effective theories agree. The alert reader must be
puzzled as to the fate of the function é(Mq/p,g,) of eq. (2.2.2). What has
happened is that the constants a and b in the counterterms in eq. (2.3.3) are, in
general, Mg dependent. Indeed, if we take derivatives with respect to Mg, as in
egs. (2.3.1) or (2.3.2), the degree of divergence is not changed, and one cannot
argue that a or b are Mg independent. The relation between renormalized
Green functions that we have derived contains hidden Mg-dependence in the
renormalization prescription for the Green functions in the HQET.

Given two different renormalization schemes, the corresponding renormal-

ized Green functions G and G’ are related by a finite renormalization
G =z(n,9,)G . (2.3.4)

Choosing G to be the mass-independent subtracted Green function, and G the
one in our peculiar subtraction scheme, we have that the relation between full

and effective theories becomes
G®V(p,g;p) = C (Mq/p,9,) G2V (k,q; ) + O (A/Mg) (2:3.5)

as advertised in section 2.2. Here, Cis nothing but this finite renormalization
2(p, gs). That we can use the same function C for all Green functions can
be established by using the same wave-function renormalization prescription
for gluons in the full and effective theories. Otherwise, an additional factor of
2%/% would have to be included in the relation between G(>™) and G(>™). This
completes the argument.

It is worth mentioning that the discussion above assumes the renormaliz-
ability, preserving BRST invariance, of the effective theory. Although, to my
knowledge, this has not been established, there is no obvious reason to doubt

that the standard techniques apply in this case.
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2.4 External Currents

We will often be interested in computing Green functions with an insertion

of a current. Consider, the current
Jr=qI'Q (24.1)

in the full theory, where T' is some Dirac matrix, and ¢ a light quark. In the

effective theory, this is replaced according to
Jr(z) — eMav? () | (2.4.2)

where

Jr=§rQ, , (24.3)

and it is understood that in Jr the heavy quark is that of the HQE'i‘, satisfying,
in particular, @, = Q,. The exponential factor in eq. (2.4.2) reminds us to
take the large momentum out through the current, allowing us to keep the
external momentum of light quarks and gluons small. The relation between
full and effective theories takes the form of an approximate equation between

Green functions —and eventually amplitudes— of insertions of these currents:

Gie(p,7'; 4 ) = C(Ma/p,9:)Cr(Mq/p,9:)G, ;. (k, k';q; 1) + O(A/Mq) ,

(2.44)
where p and p’ are the momenta of the heavy quark and the external current,
k and k' the corresponding residual momenta, p = Mov + k, p’ = Mquv + ¥/,
and ¢ stands for the momenta of the light degrees of freedom. The factor C Cr
accounts for the logarithmic mass dependence, as explained earlier. We see
that an additional factor, namely, C~'p, is needed in this case to account for the
different scaling behavior of the currents in the full and effective theories. It is
convenient to think of the replacement of currents, not as given by eq. (2.4.2),

but rather by
Jr(z) — e™*Mev2Cr(Mg/p, g, )Ir(z) . (2.4.5)

In fact, eq. (2.4.4), and therefore the replacement in eq. (2.4.5), are not

quite correct. To reproduce the matrix elements of the current Jr of eq. (2.4.1),
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it is necessary to sum over matrix elements of several different ‘currents’ in the
effective theory. The operator Jp of eq. (2.4.3) is just one of them. In addition,
one may have to introduce such operators as gyI'Q,. The correct replacement

is therefore

Jr(z) — e~ Mave N CO(Mo/p,0,)0D(2) . - (2.4.6)

Here 5(‘)(1) is the collection of the operators of dimension 3 with appropriate
quantum numbers. The first operator in the sum, call it 6(0), is there even at
tree level, and corresponds to the operator Jr of eq. (2.4.3). The validity of
eq. (2.4.6) is established in a manner analogous to the method of section 2.3,
and I simply refer the interested reader to the literature(8).

Another case of interest is that of the insertion of a current of two heavy

quarks
Jr=QTQ . (2.4.7)
The replacement now is
. . ) ~3), Mg Mg ~(;
Jp(z) — e~ tMavetiMaiv's ZCF)(-LQ, .IT/I_Q—’ vv', g, )Og)(z) . (248)
3 Q

Again, @(‘)(x) stands for the complete list of operators of dimension 3 in the
effective theory with the right quantum numbers. Also, the operator OO =
Q;.I‘Qv appears in the sum at tree level.

This deserves some explanation. The Green functions now include two
heavy quarks, and to properly establish the validity of eq. (2.4.8) we should
begin by considering Green functions with two heavy quarks, no insertion of a
current. The function C connecting these full and effective Green functions will
now, in general, depend on both Mg and Mg:. Moreover, we can not argue
that C is independent of the velocities v and v'. In fact, this was true of the
simpler case considered in section 2.3; but there, C could only depend on v,
through v? = 1. In the case at hand there is an additional invariant on which c
can depend, namely vv’. These observations apply just as well to the correction

factors ég) in eq. (2.4.8), and we have made this explicit there.
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The explicit functional dependence on Mg in the functions Cr and ép can
be obtained from a study of their dependence on u. For clarity of presentation
we neglect operator mixing for now. When necessary, this can be incorporated
without much difficulty. Taking a derivative d/du on both sides of egs. (2.2.2)
and (2.4.5), we find

d ~ .
W= (e = %:)Cr (24.9)

where v, and 7, are the anomalous dimensions of the currents Jr and Ji in
the full and effective theories, respectively. Of particular interest are the cases
I' = 4* and T' = y"45. These correspond, in the full theory, to conserved
and partially conserved currents, and therefore the corresponding anomalous
dimensions vanish, giving

dCr . -

—Ep_ =—%.Cr (T'= ¥, y*¥s) . (24.10)

Before we solve this equation, we recall that

d 0 0
hap =t ﬂ(gs)ggj - (24.11)

Here § is the QCD fg-function, with perturbative expansion

Bl _ , ¢ 2 \°
T = =bp 1672 +5 'i-67r—2 +... , (2.4.12)
and
bo=11-— —z-nf , (24.13)

where n; is the number of quarks in the theory. For our purposes, ny should not
include the heavy quark. This is explained in the famous paper by Appelquist
and Carrazone!?; it simply reflects the fact that the logarithmic scaling of g,
is not affected by heavy quark loops, since these are suppressed by powers of
Mg. Now, the solution to (2.4.10) is standard:

Grlsgs) = exp (— /y f('”o)dg' %(—(;—))) G (o, 3+(10)) (24.14)
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where g, is the running coupling constant defined by

dgs(/‘ )

=BgW) , Gw=9 . (2.4.15)

Choosing p1p = Mq, and restoring the dependence on Mg, we have then

e dg’ 1“—(-",—')) Cr(LG(Mg)) .  (24.16)

ér(MQ/#ags) = exp <-L (Mg) ﬂ(g)

Therefore, the problem of determining C~'p(MQ /1, 95) breaks down into two
parts. One is the determination of the anomalous dimensions 4.. The other
is the calculation of Cr(1,3,(Mg)). Both can be done perturbatively, and
ér(MQ/ {4, 9,) can thus be computed, provided p and Mg are large enough so
that g,(p) and g,(Mq) are small.

For example, at leading order

. A
Te=cC1 (16;'2) +..., (2.4.17)

and
Cr(1,3,(MQ)) = 1+ 0 (3,(Mq)?) . (2.4.18)

In the next section we will compute the constant ¢;. The ‘1’in eq. (2.4.18) states
the correspondence between full and effective theory currents at tree level.

Therefore, at leading order

Cr(Mq/p, g,) = e/bon(:.(1)/3.(Mq)

- (%1(‘%))’ , (2.4.19)

where, in the last line, we have introduced &, = §2/4n, and

__a
ar=-g-. (2.4.20)

In the next section we will determine that ¢, = 4 or, equivalently, that!®

6
—_— 2.4.21
o 33-2n; "’ (2.4.21)
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or —6/25 for Q = b and —6/27 for Q = c.

We now turn to the computation of the coefficient 6'1« for the current of
two heavy quarks in eq. (2.4.8). A new difficulty arises. Because Cr depends
on three dimensionful quantities, namely the masses Mg and Mg, and the
renormalization point y, its functional dependence is not determined from the
renormalization group equation (even if we neglect the implicit dependence of
gs on ). Two different approximations have been developed to deal with this
problem:

I) Treat the ratio Mg//Mq as a dimensionless parameter, and study the
dependence of Cr on Mg /p through the renormalization group!®. This is just

like what was done for the heavy-light case, so we can transcribe the result:

MQ' MQ’ ) /g'(”) 71*(9) Mg ;=
C ( — vv',g, | ~exp |- dg’ Cr(1, =2, vv',§,(Mg)) ).
"\ Mg ” ( Mg Ble) "\"'Mq (Ma')
(2.4.22)
Again
A~ Mg - _ _
Cr|1, _M—a’w ,Gs(Mgr) | = 14 0(a,(Mg/)) . (2.4.23)

But, now, the correction of order a,(Mgq) is a function of Mg:/Mq. This
method has the advantage that the complete functional dependence on Mg /Mg
is retained, order by order in a,(Mqs). Nevertheless, it fails to re-sum the
leading-logs between the scales Mg+ and Mg, i.e., it does not include the effects
of running of the QCD coupling constant between Mg and Mq:. Therefore,
this method is useful when Mqg:/Mg ~ 1, or, equivalently, when (a,(Mq/) —
as(Mg))/a,(Mq) < 1.

IT) Treat the ratio Mg/ /Mg as small. Expand first in a HQET treating Q@
as heavy and Q' as light. The corrections are not just of order A/Mg but also
Mg/ /Mq, but this is assumed to be small (even if much larger than A/Mg).
Then expand from this HQET, in powers of A/Mg/, by constructing a new
HQET where both Q and @’ are heavy!”. The calculation of Cr then proceeds
in two steps. The first gives a factor just like that of the heavy-light current,
in (2.4.16)

7:(n) 5 {aV\ ~
exp (—/ dg'M> Cr(1,3,(Mg)) . (2.4.24)
p B(g")

s(MQ)
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The second factor is as in method I, above, but neglecting Mg:/Mq. Moreover,
the current Jr is not conserved, so the anomalous dimension to be used is not
—9r but 4. — 4. Finally, we must make explicit the fact that in the first and
second steps the appropriate G-functions differ in the number of active quarks.
We therefore label the one in the second step #' and the corresponding running

coupling constant §). The second factor is

3.(n) gl(“) "
/3le) / ’ nFe(d”)
. 4’ dg' Cr(1,0,v,§,(M
p (/g"(MQ') ﬁ(g) y‘(Mql) ﬂ’( Il) ( ( Q ))
(2.4.25)
Combining factors gives

Mo M ) 1) i) [ ()
C( — v, 9,) mexp —/ dg' ==~ — dg’ =
s Mg ’ o) - BE) T Jnougn B9

x Cr(1,§,(Mq))Cr(1,0,vv",3,(Mq)) .

(2.4.26)
For example, at leading order
g

Ye(9) =& (167) +-- (2.4.27)

In section 2.5 we compute ¢;, obtaining
¢y = 1—??-[v4)'r(v-v') -1, (2.4.28)

where

r(z) = \/__ ——n(2+ 1) . (2.4.29)

Putting together all these factors in (2.4.26) we obtain, in the leading-log order,

_ a _ ar(vv')
~ MQ' Mg ) (as(MQ)) ! (GQ(MQ')) t
C , vv' g, ) = | = - , 2.4.30

F( po Mg " a,(Mq) ) (2430)

where i 8
nN=_ __°
aL(v) =~ g = 33 m,
The advantage of method II over method I is that it does include the

[vv'r(ve’) - 1] . (2.4.31)

effects of running between Mg and Mg:. The disadvantage is that it neglects
powers of Mq:/Mq. (Actually, the result can be improved by reincorporating

the Mq'/Mq dependence, as a power series expansion in this ratio).
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2.5 Leading-logs or no leading—logs: A digression.

We have just introduced two alternative approximation methods for the
computation of the QCD correction factor ép. The question immediately sug-
gests itself: which one is better? Some applications involve the case Mg = Mg,
where, clearly, I is the method of choice. In other applications Mg <« Mg, for
which, definitely, method II is to be used.

Which method is more appropriate for the physical case Q = b, Q' =
¢? Here Mg /Mg = m./my ~ 1/3, while (a,(m.) — a(my))/a(ms) ~ 1/2.
Nature, it seems, has played mischief, giving us parameters that make a priori
questionable the approximations of either method I or II.

There is one reason for choosing method II over I in this physical case.
The functional dependence on Mg and M¢ in the factors (2.4.24) and (2.4.25)
is both scheme and gauge independent. The perturbative expansion, which in
this case corresponds to an organization by leading-logs, subleading-logs, etc.,
automatically has each term depend on Mg and Mg in a physically meaningful
way. This is not the case in method I, where the 1-loop corrections to 6[‘ in
eq. (2.4.22), which involve the Mg:/Mq dependence, are gauge and/or scheme
dependent, except at vv' = 1.

Still, one may ask which method is more appropriate if we are interested
only in the result at the kinematic point vo’ = 1. This is an important question
because it is at this kinematic point that the HQET makes a prediction of
the semileptonic decay rate which can be used to extract the mixing angle
Ves. Method I leaves us with an uncertainty in the correction to 6'[‘ of order
(@s(me) — a(my))/as(ms) ~
m./my, first appear at 1-loop so they are really of order (a, /)(m./m;) ~ 1/30.

1/2. For method II, the corrections, of order

Moreover, they can be computed. I believe that, to the extent that we are
willing to compute corrections from high enough orders in m./m;, method 11
is the better choice.

Let me expand on the issue of running of a, and the effect of the resum-
mation of logs. One may argue that method I, which fails to account for the

running of QCD between m; and m,, may give accurate results if one works
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to second (or, perhaps, third) order in «,. After all, the running of o, sim-
ply corresponds to a resummation of logarithms. But here, the logs are not
large. Rather, it is a combination of the large coefficient by in the beta func-
tion, eq. (2.4.13), and of Aqcp not being very small, that makes &, change
appreciably between m,. and m;. One may then hope that an accurate result
is obtained by including high enough orders in a,, regardless of resumming the
logs.

On closer inspection, this possibility makes little sense. The one-loop

running coupling constant satisfies

a,(p) a,(p), \ #
-1= boln — .
G, (o) 2r " o

(2.5.1)

If we take u = m, and pp = ms, and @,(m.) ~ 0.3 then the right hand side is
~ 0.7, which is not small, even if the logarithm is practically equal to unity. The
conclusion we draw is that it is a combination of by being large and &, not being
small at these scales that makes the running significant. It seems plain that
the inaccuracies incurred in when using method I arise from dropping higher
powers of (ZbgInm./m,).

One can easily turn this argument around and use it to question the use-
fulness of method II. If the large number in the problem is bo rather than the
logarithm of the not so large ratio of scales, what right do we have in keeping
only the leading-logs? The answer to this comes from the observation above
that at g = m; the running coupling is starting to be really small, and “wins”
over the big factor dy. I can best explain what I have in mind by a simple
computation. One can estimate the size of the subleading-log corrections by
comparing the way a, runs between m; and m, when accounting for either only
one-loop in the f—function, or two—loops, or more. To make the analysis easily

tractable in closed form, let us consider the following toy f—function

3 bog® bog?\* | [ bog®\®

Plo)=-g [(1&;2) + (167r'~’ t\terz) t
rog® (2.5.2)
16x2

()
1672
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The first three terms have the same sign and order of magnitude of the 3-
function in QCD. The running coupling constant is given at one-loop by (2.5.1),

at “two—loops” by the solution to

1 b
1 g tar 0
__1_,_____”9.1,1'1“;;‘_:_1’211,”;, (2.5.3)
a(po) as(p) 4r st ie 2m 0 op

while in “all-orders” in our toy example it is

1 1 bo &,(p) bo . 1,
—_— = ——— = —In- =—In—. 254
Er)  E) A EGwe) o (254)

Consider the two following choices of parameters: (i)taking @,(m;) = 0.30
and my/m. = 3, one gets a,(m.) = 0.53 from the one-loop approximation,
a,(m.) = 0.69 from two-loops, while the “all-orders” result is @,(m.) = 0.84;
(if)with a,(ms) = 0.20 and my/m, = 3.3, one gets a,(m.) = 0.30 from the
one-loop approximation, é&,(m.) = 0.317 from two-loops, and &,(m.) = 0.323
is the “all-orders” result (the extra digit was retained in the last two cases to
make the difference apparent).

The conclusion that I draw from this exercise is that the effects of running,
while non-negligible, are dominated by the first couple of terms in the leading—
log expansion. The error in &,(m,.) from the “two-loop” toy example is 20%
for the first choice of parameters and only 2% in the second. Still, without
resumming one still faces the ambiguity in the value for a,. This introduces
an uncertainty in the one-loop correction (of method I) of order (& (m.) —
a(my))/a,(my) or 180% for the first choice of parameters and 60% for the

second.

2.6 Sample Calculations

It is instructive to calculate explicitly some of the anomalous dimensions
and matching functions of last section to one loop order. This will introduce
some tricks and methods peculiar to HQET calculations.

As a first example, consider the anomalous dimension of the heavy-light

current Jr in eq. (2.4.3). The relation between renormalized and bare 1PI
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amputated Green functions for one heavy quark @, a light quark, and with an
insertion of Jp is®
TR = 712252718 (2.6.1)

Here Z (Zq) is the light (heavy) quark wave-function renormalization, and Zr is
the current renormalization. The superscripts R and B denote renormalized and
bare functions, respectively. Using dimensional regularization, with € = 4 — d,
the functions Z, Zg and Z[‘ are chosen to make the 2-light quark, 2-heavy
quark, and current insertion Green functions finite. They have expansions in

powers of 1/e

(2.6.2a)

Ay
Z = Z -6_"—
n
Q
a
Zo=) =&, (2.6.2b)
n

and

~ b
=) . (2.6.2¢)
n

where the coefficients a,,,ag and b,, are functions of the renormalized coupling
constant ¢g,. In a minimal subtraction scheme ag = a(? = by = 1, which we
assume in the following. Taking a derivative of (2.6.1) with respect to s and

recalling that I'? is u-independent, we have

dri - \nR
p—= (Y7 + 70T, (26.3)
m
where L 4
7= —§ygﬁan f (264)
1 d
=—=p—InZg , 2.6.5
1= —ghgiinZe (2.6.5)
and p
Yo = p@ InZp . (2.6.6)

8) Again, for simplicity, we neglect operator mixing. It is easily included by
treating I' as a vector and Zr as a matrix.

23

The Z-functions depend on g only implicitly, through the definition of the
renormalized coupling constant g,. Recall that this is given, in terms of the

bare one, g2, by

9o = w122,9% (2.6.7)
and therefore that
d
uE,—‘gS = ﬁ(g.!ye) ) (268)
where
B(gs,€) = —3eg, + B(gs) , (2.6.9)
and
1ﬂ( ) = 1z (2:6.10)
75 gs) = udl‘ N4y . 6.

gives the f-function of eq. (2.4.12). Therefore one can write

1 d
=-p—2
2“(1/1

1 0z
= 5(8(0) - $ean) -

vZ

and using the expansion in eq. (2.6.2a), and comparing the term of order (1/¢)°

on both sides gives, assuming ag = 1,

1 c’)al

v= Z”’?}‘gj . (2.6.11)
Similarly, from eq. (2.6.2b) we have
1 (')a;7
o= 3050 (2.6.12)
and from eq. (2.6.2¢)
. _ 1 0b
T = —2_986_93 . (2.6.13)

Therefore, our task is to calculate the coefficients of the 1/¢ poles in Z, Zg and
Zp.
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We begin by recalling the calculation of Z. We will use Feynman gauge.
The 1-loop contribution to the 2-point function is depicted in figure 4, which
corresponds to

a1 —i i
—s 2mama, € _ u
(—igs) T'Tp /(2 )i-e 127#4+,+i€7
A [ £ [yl
3o (2m)-e (12 + 2zlq + zq% + i€)? ~

(2.6.14)

q q + k q
Figure 4

Shifting [ — [ — zq, and performing the loop integration

e )2 o T(e/2) / do[—2(1 - 2)¢?]"%(1—z) . (26.15)

Finally, expanding

I(e/2) = m_:;;l?_)

2
=21+0(9),
and using

" = (-2+ ),

we have that figure 4 is

g;
16

pe 1 .
~ + finite t .
1r245+ nite terms

O:IOO

Thus, we have, at 1-loop,

(2.6.16)

and
_414
T 3162
The calculation of v, involves a new twist. We must consider the graph of

figure 5, which corresponds to

el - i

@nyi—< 2 o+ k)
4, , [ d1 1
T3%H | en i+ k)

(_ig’)ZTaTa“c I

(2.6.17)

A
k+1 K

Figure 5

k

The novelty here is that the two denominators have different dimensions.
It is convenient to combine them with a variation of the Feynman parameteri-

zation, which follows from the identity

/wd,\—l——— ! (2.6.18)
o (@ +bZ  ab’ >

Since A runs from 0 to oo, we can think of it as a dimensionful integration

variable. Thus, the graph is

e a-<l 1
~goin / X / On Ol + B+ 1) (2.6.19)

The rest is straightforward. Shift { — I — 1Av, and do the loop integral, to

obtain

4g,;t m[‘(e/?) / A2 /4 — Mvk)=</? | (2.6.20)
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The X integration is easily performed, by first rescaling
A — —dvk) (2.6.21)

and then changing variables
=1y (2.6.22)

This gives

39’ mf(fﬂ)( —4vk)' " / dz (1 — z)~¢/ 2

4, 1-¢ I'(1 —¢/2)T(e - 1)
393 (4 )2_5/2( 4vk) P( /2) r(e/2)
16 g2p¢
13 1627 k + finite .
(2.6.23)
Therefore
__ 8.4 (2.6.24)
Yo = T316x? - >

Finally, we come to the 1-loop insertion of the current. The graph in figure
6 corresponds to
di=el —i i
i \2aa, € B
(=i, )" T*T" /(27r)4—e 7
e [ 4Ty
i @)t 21+ q)?v(I+ k)

(2.6.25)

Figure 6
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We need the pole part of the integral

/ di- (I + q)u
@)= B+ Qo T F) -

(2.6.26)

Since k — 0 does not introduce infrared divergences, we can take k = 0. The

infinite part must be proportional to v, so it is

. / d4=el vl
] @r)d-c2(1 4 q)2vd

/ (2.6.27)
i
BT
Combining, we have the result for the pole part of figure 6
8 g2 1
37602 ¢ (2.6.28)

To extract Zr use the definition eq. (2.6.1) and our results for Z and Zg
in egs. (2.6.16) and (2.6.23):

1 8 1
(1- —ﬂ)(1 - ——)(1 + )( 42 lg’ 2)-1=0, (2.6.29)
or g o2
9
by = =+ a1+ ;ay
L8
1672
Finally we use eq. (2.6.13) to arrive at
g2
~ s
Fo =430y (2.6.31)

which leads, as advertised, to the result in egs. (2.4.19)-(2.4.21). Note that this
result is independent of which Dirac matrix I' is considered.

It is interesting to note that to this order the renormalization of the oper-
ators qI'Q, is completely diagonal, as seen explicitly in this calculation. There-
fore, the discussion of the calculation of the coefficients 5’# ) of the previous
section, and in particular egs. (2.4.17) and (2.4.19), that neglected the effects

of operator mixing, are in fact correct.

28



For our next example, we consider the calculation of the coefficient func-
tions ég)(Mq/p,g,) in eq. (2.4.6). Now, we have seen that the dependence
on Mg is determined from the corresponding anomalous dimension 4, and the
value of 6"@ at p = Mg as in eq. (2.4.16). We have calculated above ¥, for
arbitrary I'. All that is left to do is to calculate 6'1(-" )(1,5,(Mq)). The coeffi-
cient 5;0)(1, gs(Mgq)) is distinct from the rest in that it starts at zeroth order
in the expansion in a,(Mgq). It is given, in leading-log, by eq. (2.4.19). For the
next-to-leading-log order one needs the anomalous dimension to order g} and
the function 6‘1(10)(1,§,(Mq)) to order §2(Mq). Writing

. g: e\’
Telgs) =1 (TEF) +c2 (Ts_ﬁ) +o (2.6.32)
and B
CO1,5,(Mg)) =1+ C2) (%) o, (2.6.33)

one can obtain 6'%0) (Mg/u,g,) to next-to-leading-log order simply plugging
into eq. (2.4.16)

CO(Mq/n,9,) = (ale(lfjlc))))qmo[l + % (Clbl b-(;,CZb())(&Z(:) _ &,(41‘7;10))

+ Cr,1 (&—’%92) + ] (T = 7*,7"7s)

(2.6.34)
This expression depends on Mg in a scheme and gauge invariant way. In

general, though, the two terms of order a,(Mq) are not separately scheme
and gauge invariant. A meaningful calculation must obtain ¥. to 2-loops and
5p(1,§,(MQ)) to 1-loop, both in the same scheme and gauge. Since a 2-
loop calculation is beyond the scope of this presentation, we will abstain from
performing it.

Still, the coefficient 5§‘)(1,g,(Mq)) contains physical informationl7, at
order a,(Mg), provided i # 0, that is, oM # Jr = qT'Q,. In this case
~§f’(1,g,(MQ)) starts at order &,(Mg), so that

89 /) = (Y "o (S, ] g4t
(2.6.35)
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In this case, 6& )1 contains physical information and must therefore be scheme
and gauge invariant.

To calculate 5{-\' )(1,§,(Mq)), t # 0, refer back to the equation relating
the full and effective theories’ Green functions, eq. (2.4.4). At u = Mg, the
relation involves ég )(l,g,) explicitly, and it can be inferred by comparing both
sides of eq. (2.4.4). This is why the extraction of 6’? )(l,g,) is usually called
a ‘matching’ calculation between full and effective theories. We are led to
consider the difference of Green functions shown in figure 7. From this difference
we must extract terms not proportional to I'. Note that the difference is, by
construction, free of infrared sensitivity. Therefore the terms not proportional
to I are themselves in the form of local operators of the same dimension as the
original current gI'Q.

=", v, I=y%, vy,

Figure 7
The difference is given by
_42€/d4“1_1_“1r 1 _ 1 v](l-{-yf)
139.;“ (2m)4-¢ 127 T+4 ’+¢—MQ7# (i + k) u 9 .
(2.6.36)
The term in brackets can be rewritten as
[+ Mo(F+1)+F 1 2637

Zy2Mqul+ k) + k2 ¢ v+ k) *
Since the calculation is infrared finite, we can take k — 0. The term containing

Mg(¥ + 1) can be combined with the second one (recall the projector (1 +9)/2

on the right) to give
12

U ¥ 2Mqu)(el) -

(2.6.38)
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Since we can set ¢ — 0, the integration will produce a Dirac structure of the

form y#*¢Tv, = W' = I'. Hence we discard it. The remaining integral is

I .l i SPY N B
35K | e BT B B raMgul ™
B di=€l Y IT 14
= ~iz g,ﬂ 2/ dl = / (2=« (P + 2 Mqui)®
(2.6.39)

After shifting | — | — 2 Mqu, the pole part of the integral (the term with {2 in
the numerator) gives the Dirac structure I', and is thrown away. As € — 0 we

are left with

=—iz gs / dl‘(l .‘B)(.’BMQ) /(27!')4 (12 172M2)37““r¢7p

= —igai2 [ de (1= 2)aMo) [~ rry | A (2640

We have obtained, to 1-loop order, that the coefficient function associated with

the operator oM = §¥7"*Qy is given by'7

1), a, (M
01, a,(Mg)) = % , (2.6.41)

and the one for the operator 0@ = aPy*vsQy is given by

a,(Mq) )

o
Ciy(l,a5(MQ)) = - 3

(2.6.42)

Our final example is the calculation at 1-loop of the anomalous dimension
for the current made of two heavy quarks. The novelty here is its functional
dependence on vv’, which is expected on general grounds. We need the finite

part of the diagram of figure 8, corresponding to

A, [da 1, 11
T3%E | i Byl By v+ k)P
4, [ a4 1
= —iggr vl | N T R o R
(2.6.43)
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Figure 8

The denominators are combined in two steps. The integral we need to evaluate

< 1 '
/ d”/ @ry= P (T + )z + ol + k)1 — z)]2
dt-el 1
=2/ d di A
/ ’ / / @m) < [IZ + zx {1 + k) + (1 — 2)ho(l + k)P
(2.6.44)
Shift I — I — 22Av’ — 2(1 — z)Av and perform the momentum integration, to
get
T(1+¢/2) 1 [®
_%i(;)jz-:fc—/ﬁ_) /d:c/ dA (320" + (1~ 2)Mv)? = 2 Aok’ — (1 — z) Avk] /21
o Jo
iT(1+¢/2)

1 00
= —(m/dx / d/\/\'f/z[%(:cv’+(1—z)v)zA—xv'~k'— (1—z)vk]~ /21,
o Jo

The X integral is done as before, by rescaling

. (—zv'k — (1 - z)vk)
i@+ -zp)z 7’

(2.6.45)

and changing variables

y= T——X (2.6.46)



to obtain

; 1
i —ef2— -
" (dm)z-z / dz [§(zv/ +(1-2)v)’]" /> [~z0'k' — (1~ z)vk]“T()T(1-¢/2) .
(2.647)
The z integration is finite even as ¢ — 0, so we can take the limit and write for

the pole part

) 1 1 1
" Ton? (‘E) 4/0 g e s e (2.6.48)

The integral is elementary, giving

~T6:3 ;,.(,,.v') , (2.6.49)

where

r(z) = \/2_21_:1 In (:c + V2~ 1) . (2.6.50)

Combining all factors, including the heavy quark wave function renormalization,

we obtain, finally
. _ g
7= T 16a2

Notice that 4. vanishes at vo' = 1. This will be understood when we

% [vv'r(v0") — 1] . (2.6.51)

discuss in the next section the symmetries of the HQET, as resulting from the
fact that this current generates a symmetry when v’ = v. That 4, vanishes at
vv' = 1 can also be understood by choosing the gauge v-A = 0. In this gauge
there are interactions for one of the two quarks when v’ # v, and there are no

interactions for either when v/ = v.

3. Symmetries
3.1 Flaver - SU(N)
The Lagrangian for N species of heavy quarks, all with velocity v, is
N
£y =509 ivD QY . (3.1.1)
i=1
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This Lagrangian has a U(N) symmetry'®*. The subgroup U(1)" corresponds
to flavor conservation of the strong interactions, and was a good symmetry in
the original theory. The novelty in the HQET is then the nonabelian nature
of the symmetry group. This leads to relations between properties of heavy
hadrons with different quantum numbers. Please note that these will be rela-
tions between hadrons of a given velocity, even if of different momentum (since
typically Mg, # Mg, for i # j). Including the b and ¢ quarks in the HQET,
so that N = 2, we see that the B and D mesons form a doublet under flavor
SU(2).

This flavor-SU(2) is an approximate symmetry of QCD. It is a good sym-
metry to the extent that

m:>A and my>A. - (3.1.2)

These conditions can be met even if m, — m, may itself be much larger than
A. This is in contrast to the well-known isospin symmetry, which holds because
my — m,, < A (and, as it happens to be the case, my < A and m,, < A).

In the atomic physics analogy of the Introduction, this symmetry implies

the equality of chemical properties of different isotopes of an element.

3.2 Spin — SU(2)

The HQET Lagrangian involves only two components of the spiﬁor Q.

Recall that
(#) Q, = 0. (3.2.1)

The two surviving components enter the Lagrangian diagonally, ¢.e., there are

no Dirac matrices in
£ =Q, ivD Q,. (3.2.2)

Therefore, there is an SU(2) symmetry of this Lagrangian which rotates the
two components of Q, among themselves!®*,

Please note that this “spin”-symmetry is actually an internal symmetry.
That is, for the symmetry to hold no transformation on the coordinates is

needed, when a rotation among components of @), is made. On the other hand,
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to recover Lorentz covariance, one does the usual transformation on the light—-
sector, including a Lorentz transformation of coordinates and in addition a
Lorentz transformation on the velocity v,. A spin-SU(2) transformation can
be added to this procedure, to mimic the original action of Lorentz transforma-
tions.

To make it plain that this symmetry has nothing to do with “spin” in the
usual sense, consider the large mass limit for a vector particle?®. Using, again,
p = mv + k, and expanding the propagator

_.g;w—Pypu/mz — L Juv — Vuly i
BP0, (29)

we see that the Lagrangian for the HVET (Heavy Vector Effective Theory) is
L:((;f)i‘) = A:‘m DAy, , (3.2.4)

with the constraint
('U“’Uy - guu)Auv = Ayy . (325)

We have rescaled the vector field by v/2m, so the field has mass dimensions 3/2.
The effective Lagrangian is invariant under an SU(3) group of transformations,
rotating the three components of the vector field among themselves. Note that
the “spin” symmetry is not associated with SU(2) in this case.

The symmetry of the theory is larger than the product of the flavor and spin
symmetries. If there are Ng, Np, and Ny species of heavy scalars, fermions,
and vectors, respectively, all with the same QCD quantum numbers (e.g., all in
the fundamental representation of SU(3)), the symmetry of the effective theory
is SU(Ns + 2Nr + 3Nv).

3.3 Spectrum

The internal symmetries of the effective Lagrangian are explicitly realized
as degeneracies in the spectrum and as relations between transition amplitudes.
In this section we will consider the spectrum of the theory?!.

Keep in mind that momenta, and therefore energies and masses, are mea-
sured in the HQET relative to Mqu,. Therefore, when we state that in the
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HQET the B and D mesons are degenerate, the implication is that the physical
mesons differ in their masses by my — m,.
For now let us specialize to the rest frame v = (1,0). The total angular

momentum operator J, i.e., the generator of rotations, can be written as
J=L+8S, (3.3.1)

where L is the angular momentum operator of the light degrees of freedom,
and S, the angular momentum operator for the heavy quark, agrees with the
generator of spin-SU(2). Since J and S are separately conserved, L is also
separately conserved. Therefore, the states of the theory can be labeled by
their L and S quantum numbers (I, m;s,m,). Of course, s = 1/2, so m, is 1/2
or —1/2 only.

The simplest state has { = 0 and, therefore, J = 1/2. We will refer to it as
the Ag, by analogy with the nonrelativistic potential constituent quark model
of the A-baryon, where the strange quark combines with a [ = 0 combination
of the two light quarks.

Next is the state with [ = 1/2. It leads to J = 0 and J = 1. We deduce
that there is a meson and a vector meson that are degenerate. For the b-quark,
the B and B* fit the bill. They are the lowest lying B = —1 states. The lowest
lying C = 1 states are the D and D* mesons. These again can very well be
assigned to our J = 0 and J = 1 multiplet. The difference Mp. — Mp = 145
MeV is reasonably smaller than the splitting between the D* and the next state,
the Dy, with Mp, — Mp. = 410 MeV.

The splittings of B and B* and of D and D* result from symmetry breaking
effects. These must be corrections of order A/Mgq to the HQET predictions.
Therefore, one must have Mg, — Mg = A%2/m; and analogously for the D-D*

pair. Therefore
MBa - MB _ _7r_l_c
Mp.—Mp  my

Approximating m, and m; by Mp and Mp, respectively, we get ~ 1/3 on the

(3.3.2)

right side, in remarkable agreement with the left side. Although these results
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also follow from potential models of constituent quarks, it is important that
they can be derived in this generality, and this simply.

The states with { = 3/2 have J = 1 and 2. The D; and D}, with
Mp; — Mp, = 40 MeV, are remarkably closely spaced (and of course, have
the appropriate quantum numbers to form a spin multiplet).

To extract the full implications of the spin—-SU(2) symmetry, it is con-
venient to write the physical states, e.g., the B, B*(+), B*(0), and B*(-),
in terms of states with definite spin-SU(2) number. This involves Clebsch-
Gordon coefficients for 1/2 x 1/2. We construct two doublets ¥; and ¥, under

spin-SU(2), as follows:
B4B-©) B*(+)
¥ = 2 Vs = . . (3.3.3)
B*(-) :E%AEZ
The two doublets 1¥,, a = 1,2 themselves are a doublet under L. So we can
form a matrix Yaq = (¥4)o Where S acts on the first index, and L acts on the
second.

There is an alternate way of obtaining this 2 x 2 matrix representation
which will be useful later for generalization to the case where multiplets with
different velocities are concerned. When the rotation by S and L is the same,
we are performing an actual physical rotation (one by J). Everybody knows
how to represent rotations by 2 x 2 matrices, and how to write 2 x 2 matrices
that transform as scalars or vectors under rotations. In this representation, the

rotation is generated by D(R) = exp(i€5), where & are Pauli matrices, thus
D(R)e*D(R)™! = o°

D(R)e'D(R)™! = Rio’ . (3.34)

Here 0° = diag(1,1) and R; is the rotation matrix acting on a vector. Therefore,
we can represent the J = 0,1 system by
®=0¢"B,=0c"B+0*B*(-)+ 0" B*(+) +°B*(0) . (3.3.5)
The action of spin—-SU(2) is simply
® - D(R)®, (3.3.6)
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while a rotation is

® — D(R)®D(R)™! . (3.3.7)

Up to trivial phase redefinitions of the states, the matrix & is just the matrix
made out of the vectors 9; of the previous paragraph. It goes without saying
that a similar representation is written for the charmed mesons D and D*.

As an example of an application consider the matrix element of the vector
and axial currents V* = Q' v*Q, and A* = Q' v*v5Q, between the | = 1/2
multiplets ® and &' of two different heavy quarks, Q and Q' respectively. Since

both heavy quarks have the same velocity, v = (1, 0), they both are eigenvectors

1449° 1+4°
(_____27 )70.,5( 7 ):0 (3.3.8)

(1 4'270) B (1 ;70) =0 (3.3.9)

we only need consider the matrix elements of V° and Af. The spin symmetry

of § = 7°. Since

and

relates the matrix elements between the four states in the multiplet ® and the

four in ®’. An elementary application of the Wigner—Eckart theorem gives:

(@'|V0®) = ATx(®'T®)
(®'|4°|19) = ATr(®''o' ®)

(3.3.10a)
(3.3.100)

The constant A is the reduced matrix element. Using the explicit representa-
tion of eq. (3.3.5) in eq. (3.3.10) one may write explicit relations between the
matrix elements of the eight components. These relations will be worked out
for arbitrary velocities in chapter 5.

It is easy to generalize this representation to other states. For fixed I, the
spin J of the states related by the spin-SU(2)is J =1+ % The representation
we are looking for is a symbol xg,i)A, where the index « is the heavy quark spin,
a and A correspond to the z-components of L and J respectively, and the values
of | and J are implicitly understood (only the +/— super-index is needed to
distinguish between the J = [+} and J = |- % states). This problem is nothing
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but the composition of L and S into J, and the solution is in Clebsch-Gordon
coefficients

X4 = Cla;salJA)=CPA, ., (3.3.11)

where s = % and J =1t % (The last equality defines a short version of the
symbol.)

3.4 Strong Transitions

As an example?! of the use of the symmetries of the HQET to dynamical
processes, consider the amplitudes for the strong decays of any member of the
J = I+ § multiplet to the J = I +  multiplet, and a light hadron h with
orbital angular momentum L, about the (static) heavy quark, and with total
angular momentum Jy, i.e., if the spin of h is Sy then J, = L + Sj.

Using the results of the previous section, we can represent the members of
the J = [+ 3 L multiplet by x( )4 , and those of the J = I'+ 3 L multiplet by x'(i)B.
The spin-S U (2) symmetry 1mphes that the amplitude must be proportional to

Z(x'(*m x4 (3.4.1)

In the transition of the “brown muck” with angular momentum ! to that with I
and h we must combine the angular momentum of the products to give that of
the originating state. To combine I’ and h into ! we multiply by C’",‘;mh’,,b, set
mp, +b = a and sum over m;. Furthermore, to combine the light hadron » and

the heavy final state hadron x’ into a state of angular momentum J = [+ %,

we multiply by C , set mp + B = A and sum over B. Thus we have

Ili_
Alx —»(X’h)J,.L..) =
A1, thJh)z (Cemn, I’b)‘

where A(l',1, Ly, Jn) is the reduced matrix element. The sum is over my, B, a,

By (3.4.2)

ml'ts B

b, and a, restricted by

mp+b=a (3.4.3a)

ata=A (3.4.3b)

a+b=B (3.4.3¢)

my+B=A. (3.4.3d)
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Only three are independent relations, so we may sum over a and b, with o, m,
and B given by

mp=a-b (3.4.4a)
a=A-a (3.4.4b)

and
B=A-a+b. (3.4.4c)

As an application, consider the decéys of the states in the ! = 3/2 multiplet
—say the D; and Dj— to those in the ! = 1/2 multiplet —the D and D*—
and one pion. From eq. (3.4.2) it is easy to check that D} has decay amplitudes
in the proportions \/2/—5 : \/3/—5 to the L, = 2 states Dr and D*x, while its
multiplet partner decays at the same total rate exclusively to D*w. For more

examples, consult ref. [21].

3.5 Covariant Representation of States

In section 3.3 we have seen that in the rest frame v = (1, 0) the states in the
! = 1/2 multiplet are conveniently represented by a 2 x 2 matrix ®. Although
we first obtained this representation by consideration of the transformation
properties of individual states in the multiplet, c.f., eq. (3.3.3), we quickly
found an alternative derivation based on the transformation properties of the
multiplet as a whole, eqgs. (3.3.6)—(3.3.7). In this section we will use the same
type of analysis to introduce a representation of the | = 1/2 multiplet for
arbitrary velocity v.

The problem consists of finding an object, call it M (v), that represents the
meson multiplet (I = 1/2) with velocity v. As before, the action of spin-SU(2)
on this object is as in (3.3.6):

M(v) = UM(v) (3.5.1)

where U is a matrix representation of the spin—SU(2) transformation. More-

over, the action of a lorentz transformation A is
M(v) — D(A)M(A~'v)D(A)! (3.5.2)
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where D(A) is a matrix representation of A. This is the analogue of the rotation
in (3.3.7). Finally, we should insist that M (v) represents only the four states
in the [ = 1/2 multiplet, and nothing more.

The problem is readily solved by drawing from the well known properties of
Dirac y—matrices. These are designed to transform as 4—vectors under lorentz

transformations

D(AY'D(A)™! = A% 4¥ (3.5.3)

where D(A) = exp(ieu, 0*"), and €y, generates the lorentz transformation. Of
course, eq. (3.5.3) is just the correct generalization of (3.3.4) that we are looking
for. The rest is straightforward. It is easy to check that the pseudoscalar meson

is represented by

— 14+
M(v) = (———2 f) s (3.5.4)
while the vector meson is represented by
M (v,€) = (-1—?;1) /, (3.5.5)

where the polarization vector ¢ satisfies v = 0.

The whole point is that one can now generalize the relations in (3.3.10).

One has for the matrix elements between pseudoscalar mesons
(M'()VH|M(v)) = ATe(M/ (o' )y* M (v)) (3.5.6)

and a similar expression for the matrix element between a pseudoscalar and a
vector meson, with the substitution M'(v') — M*(v,€). A is now a function
of the velocities. We will explore this in depth in chapter 5, section 2.

An even simpler case is that of the I = 0 multiplet. In this case the states
must transform as a spinor and are obviously represented by u(")(v), a Dirac

spinor satisfying fu = u.
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4. Meson Decay Constants
4.1 Preliminaries

The pseudoscalar decay constant is one of the first physical quantities stud-
ied in the context of HQET’s. For a heavy-light pseudoscalar meson X of mass
Myx, the decay constant fx, we will see, scales like 1/4/Mx. This was known
before the formal development of HQET’s, although the arguments relied on
models of strong interactions. The HQET will give us a systematic way of ob-
taining this result. Moreover, it will give us the means of studying corrections
to this prediction.

The decay constant fx is defined through

(01ALIX (p)) = fxpu » (4.1.1)

where A, = ¢y,75Q is the heavy-light axial current, and the meson has the

standard relativistic normalization

(X@)X(p)) = 2E6®) (p - p') . (4.1.2)

Thus, the states have mass-dimension —1. Analogous definitions can be made

for other mesons. For example, for the vector meson X* (the [ = 1/2 partner
of X), has

(OIVu(0)IX* (P, €)) = Fxeep - (4.1.3)

Note that the mass-dimensions of fx and fx. are 1 and 2, respectively.

4.2 Formal derivation: Green funclions

We saw in chapter 2 that the HQET reproduces the Green functions of the
full theory. In principle, it is from this correspondence of Green functions that
all predictions of the HQET follow. In practice, this is sidestepped with a bit
of foresight as we will see in Section 4.3. But, at least once, we should derive
the result from this more fundamental approach.

To do so, consider the current-current Green function
Gunlp) = [ d'ae*(TA}(2)A,(0) (42.1)
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In the effective theory, we consider
G (k,0) = / &'z ¥ (T 11 (z) 4, (0)) (4.2.2)

where the effective current is /i,, = §y*v5Qy. Then, at p = Mgv + k, and in

the leading-log approximation,

a,(Mg)
6’:(“)

where the ellipses stand for subleading-log and (1/Mgq) corrections.

Gu(p) = ( )h' Gulky) + -, (423)

Now, the pseudoscalar meson is the first resonance with the quantum num-
bers that couples to the current A,. Therefore, the spectral decomposition for
Gv(p) has an isolated é-function singularity at p? = M%. Using the definition
in eq. (4.1.1),

Guv(p) = fxpupv(p® = MX) +--- . (4.24)

Meanwhile, in the effective theory
G (k,v) = APvu0,6 (vk—A) +--- (4.2.5)

where A and A are dimensional constants, of the order of the hadronic scale,
with A & My — Mg the mass of the state in the effective theory.
Using eq. (4.2.4) and eq. (4.2.5) in eq. (4.2.3) one obtains

— 2ar
2 Qs (MQ)) 3
My = | ——% A 426
s = (0 (429
We see that the combination f% Mx (&, (Mg))~2%! is independent of the heavy
mass. The ‘constant’ A3, is in fact a function of the renormalization point y;
the combination A3 &,(u)~2% is p-independent to leading-log order. We have
obtained fx ~ 1/v/Mx plus a logarithmic correction. A useful way of quoting

the result is, for the physical case of B and D mesons,

fs _ [Mp [ &(Msp) \*
fo~ VMg (63(MD)) (420
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4.8 Quick and dirty derivation: stales in the HQET

One can derive eq. (4.2.7) rather straightforwardly by considering the decay
constant of the meson state in the HQET. This is a bit dirty, because the correct
construction of the Hilbert space in the HQET is skipped, while, in fact, it is
rather involved10. So, arguing naively, we define an effective pseudoscalar decay

constant fx through
(0144 (0)|X (v)) = fxva (43.1)

The state in the HQET, |)?), is normalized, ¢ la Bjorken and Drell, to E/Mx
rather than to 2E:

(X (V)| X(v)) = v°6@ (v = v') (4.3.2)

Obviously, since the normalization of states and the dynamics are Mg inde-
pendent, so is fx. To relate fx to fx simply multiply eq. (4.3.1) by vVMx, to
restore the normalization of states of eq. (4.1.2), and write v, = p,/Mx. Thus

we arrive at

Ix = fx/VMx (%)m (4.3.3)

which is equivalent to eq. (4.2.6).

4.4 Vector Meson Decay constant

As a simple application of the spin symmetry, consider the pseudoscalar
decay constant fx.. Using the 4 x 4 notation of section 3.5, the matrix element

in eq. (4.3.1) that defines the pseudoscalar constant is proportional to

T (195M(v)) =T <7“75 (1 ; ’5> 75) = _oph (4.4.1)

The matrix element

OV (0)|X* (v)e) = Fx-e* (44.2)

is proportional to

T (v 3 (v,0)) = Te (7" (1 + ”) ¢) = 9¢H (4.4.3)




with the same constant of proportionality. Therefore
fxe=—fx (4.4.4)
The sign is unimportant, since it can be absorbed into a phase redefinition of

either state. It is the magnitude that matters. Multiplying by /Mx. ~ vMx
to restore to the standard normalization, we have

fxe =-fxMx (4.4.5)
4.5 Corrections

The predictions eq. (4.2.7) and eq. (4.4.5) have not been tested experi-
mentally. The difficulty is the small expected branching fraction for the decays
X —pvor X* — pv, for X = B and D. Alternatively, the decay constants fx
and fx. can be measured in Monte Carlo simulations of lattice QCD. There
are indications from such simulations that the relation (4.2.7) does not work
well.

It is premature for us to discuss the nature and size of corrections to these
predictions: not until we come to chapter 6 will we develop the formalism to
study effects of order A/Mg. A brief description of the situation should suffice.
There are corrections to the current, at order 1/Mq, in the form of operators of
dimension 4, e.g, 2—,{75@7“75:‘%(2,,. There are therefore corrections to fx arising
from the matrix element

Olgirz " 15PQITW) = Frvgp (45.1)

where A is a dimensionful constant defined by this relation. This effectively
changes fx to fx(1+A/Mg). How large is A? This can again be studied
through Monte Carlo simulations of lattice QCD. Alternatively, one can get an
idea of its size from a model of mesons. In the constituent quark model, fx is
given in terms of a wavefunction at the origin. The correction A/Mq is given
in terms of the derivative of the wavefunction at the origin. These quantities
are sensitive to the details of the potential, and these model predictions are
therefore unreliable. They do indicate, nevertheless, that the A/Mq corrections
can be sizeable. While this may be bad news for the predictions in this chapter,
it turns out that in many other applications, discussed in the chapters below,

the quark model estimate of corrections gives encouragingly small numbers.
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5. Form factors in B — Dev and B — D*ev

5.1 Preliminaries

The semileptonic decays of a B-meson to D- or D*-mesons offer the most
direct means of extracting the mixing angle |V.3|]. In order to extract this
angle form experiment, theory must provide the form factors for the B — D
and B — D* transitions. Several means of estimating these form factors can
be found in the literature. A popular method consists of estimating the form
factor at one value of the momentum transfer ¢ = ¢2, and then introducing
the functional dependence on ¢? in some arbitrary, hopefully reasonable, way.
The estimate of the form factor at ¢2 is obtained from some model of strong
interactions, like the non-relativistic constituent quark model.

The HQET gives the form factor at the maximum momentum transfer,
¢? = ¢%a.x = (Mp — Mp)? —the point at which the resulting D or D* does
not recoil in the restframe of the decaying B-meson. While the functional
dependence on ¢? is a non-perturbative problem, it is already progress to have
a prediction of the form factor at one point. Moreover, the HQET gives relations
between the form factors. One may study these relations experimentally to test

the accuracy of the HQET predictions.

The standard definition of form factors in semileptonic B-meson decays is

(D@)WViulB(p)) = () o+ D) + F-(a*)p—P')u (5.1.1a)
(D*(p')elAulB(p)) = f(d*)es + ar(d®)e*p(p+ P')u + a—(¢°)e* p(p — B)1 1b)
(D*(P")elVulB(p)) = ig(¢*)euvro€™” (0 + 9') (p — P')° (5.1.1c)

Here, the states have the standard normalization, eq. (4.1.2), and ¢? = (p —
?’)2. The contribution to the decay rates from the form factors f_ and a-
are suppressed by m?/M%, where m, is the mass of the charged lepton, and

therefore they are usually neglected.
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5.2 Form factors in the HQET

In the effective theory, we would like to compute the matrix elements of
the effective currents V, and A, between states of the | = 3 multiplet. We
can take advantage of the flavor and spin symmetries to write these matrix
elements in terms of generalized Clebsch-Gordan coefficients and reduced matrix
elements, i.e., we use the Wigner-Eckart theorem. We have already introduced

the relevant machinery in section 3.5. The matrix elements of the operator
G = ¢, Tb, (5.2.1)
between B and D or D* states, are given by

(Mﬂ@@@»:{@ﬂﬂ?Wﬁmﬂ (5.2.2a)
(D*(v')e|G|B(v)) = —€(vo')Tx D*(v', )T B(v) (5.2.2b)

where the 4 x 4 matrices X(v) and X*(v,¢) are given in egs. (3.5.4) and (3.5.5),
and X = 7°X1y°. The reduced matrix element, £(v4'), is a scalar function of
the velocities. The minus sign is introduced for convenience.

Before expanding egs. (5.2.2), we note that the flavor symmetry implies
that the B-current form factor between B-meson states is given by the same

reduced matrix element:
(B(v")[b,/Tby|B(v)) = —€(ve')Tr B(v' )T B(v) (5.2.3)

Using T = 4°, and recalling that B-number is conserved, one finds that ¢
is normalized at v' = v, i.e., at vo' = 1. Using the normalization of states
appropriate to the effective theory, eq. (4.3.2), and expanding eq. (5.2.3) at
v =v', one has

20° = —£(v0’) (=" — v°)|y=or (5.2.4)
or

€1)=1 (5.2.5)

The reduced matrix element £ is the universal function that describes all

of the matrix elements of operators G between | = % states. It is known as the
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Isgur-Wise function after the discoverers of the relations (5.2.2) and (5.2.3). It
is quite remarkable that the Isgur-Wise function describes both timelike form-
factors (as in B — Dev) as well as spacelike form-factors (as in B — B). The
point, of course, is that in both cases it describes transitions between infinitely
heavy sources at fixed “velocity-transfer” (v — v')?.

Expanding eq. (5.2.2) for T' = v* or 75, we have

(D(v)|Vul B(v)) = &(vo") (v, + v}) ~ (5.2.6a)
(D*(v')elA,| B(v)) = —£(v')[€} (1 + vo') — v),e"] (5.2.60)
(D*(v")e| Vil B(v)) = —£(vt")[~ieproe™ v o] (5.2.6¢)

It remains to express the physical form factors in terms of the Isgur-Wise
functions. In the leading-log approximation, we must introduce the coefficient
function Cr of eq. (2.4.30). Also, we must multiply by /MpMp to restore
to the standard normalization of states, and express egs. (5.2.6) in terms of

momenta using v = p/Mp and v' = p’/Mp. For example, one has,

ooz = (205)" (50s) e (1 + 5 )

(5.2.7)

It follows that

nor= (59) (557) e (Gag) oo

Similarly, f, ax and g can all be written in terms of £(vv'). Moreover, at vo' =

1, one has ¢> = (Mpv — Mpv)? = (Mg — Mp)? = ¢, so the normalization
eq. (5.2.5) gives

Fa(gha) = (zsgzg)al (%) (5.2.9)

We have used ar(vv') = 0 at vo' = 1. This is as it should be, for the
physical quantity fi is p-independent. It should be emphasized that there is
no p-dependence of f4 in eq. (5.2.8): the explicit dependence through (a,(p))**

is cancelled by the implicit dependence on p of the Isgur-Wise function.
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5.3 Form factors in order 'R

The predicted relations between form factors, and normalizations at ¢2,,
are only approximate. Indeed, several approximations were made in obtaining
those results. Corrections that arise from subleading order in the 1/M expan-
sion will be considered in chapter 6. Here we will discuss corrections of order
os.

As observed in section 2.4, the vector and axial-vector currents of the
full theory, éI'b, match onto a linear combination of ‘currents’, i.e., dimension
3 operators, in the effective theory. Indeed, at one loop, the correspondence
between vector and axial currents in the full and effective theories was partially

calculated in section 2.5 and is given by!”

oy, (Elm)\ (Em)\ i
ot (a,(mc)) (a;(,l)) v [(L+ )7 + (e = Ac(v0')) 7" 1By (5.3.1)

and

P - @, (m) \ a,(m,) aLE, By — v u
eriaeh = (S22) 7 (L) e+ e - (4 0 ))#7(;;]’;3

Here

Q1

A(v0) = 2—‘5(;"—°)r(v@') (5.3.3)

2y = Hm) .

3r ’

and « is a constant of order a,/7.

The constant Ay and the function A, arise only from 1-loop matching,
and are scheme independent. The constant x receives contributions both from
matching at 1-loop, and from 2-loops anomalous dimensions. Leaving out the
latter would give a meaningless, scheme dependent, result. Although x has been
computed, it is interesting to note that predictions can be made solely form the
1-loop matching computation.

Indeed, comparing egs. (5.2.6) with eqgs. (5.1.1), we see that at zeroth order

in a,(ms) or a,(m.) we have

ay +a-=0. (5.3.4)
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Plugging eq. (5.3.2) into eq. (5.2.2) we see that, to order a,(m.) and a,(m;)

there is a computable correction to this combination of form factors, namely

ay ta- _ me [a,(mp) | 2a,(m.) ,
o - 4mb[ py + 3 r(vv') (5.3.5)

The constant &, although difficult to compute, does not change the relations
between form factors since it simply rescales the leading order predictions in
eq. (5.2.6) by the common factor of (1+k). It does, however, affect the predicted
normalization of form factors at g2, . Since at v/ = v the effective vector current
is again Cysyuby, but rescaled by (14 x4+ Ap— Ac(1)), the correction to eq. (5.2.9)
is

Ffe(@2.,) = (L4642 — A (D) (a,(mb))az (MD + Mp

o (me) wm) - (536)

A calculation of k was performed in ref. [22], using dimensional regularization

and the minimal subtraction scheme.

6. 1/Mq
6.1 The Correcting Lagrangian

One of the main virtues of the HQET is that, in contrast to models of the
strongly bound hadrons, it lets us study systematically the corrections arising
from the approximations we have made. To be sure, we’ve made several approxi-
mations already, even within the zeroth order expansion in A/Mgq. For example,
we have computed the logarithmic dependence on Mg, i.e., the functions C~'§f)
and 6'1(-'.) of egs. (2.4.6) and (2.4.8), using perturbation theory technology. In
this section we turn to the corrections of order A/Mgq.

The HQET lagrangian was derived, in section 2.1, by putting the heavy
quark almost on-shell and expanding in powers of the residual momentum, k,,
or light quark or gluon momentum, g,, over Mg, which we generally wrote as
A/Mgq. Let us again derive the effective lagrangian, keeping track, this time, of
the terms of order A/Mgq.
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We will rederive Ei';f), including 1/Mq corrections, working directly in con-

figuration space?3. The heavy quark equation of motion is
(i —-Ma)Q =0 (6.1.1)
We can put the quark almost on shell by introducing the redefinition
Q = e"Mavz(), (6.1.2)
In terms of Qv, the equation of motion is
i + Mo(§ - 1)]Q, =0 (6.1.3)

If we separate the (1+¢) and (1—¢) components of é,,, we see that, as expected,
the latter is very heavy and decouples in the infinite mass limit. To project out

the components,

Qv = Q%Y + Q%) (6.1.4)
where 14
Q) = (T”) Qv , (6.1.5)
we multiply eq. (6.1.3) by (%é) Thus we have the equations
iwDQH) = — (1—;—”) ipQ(-) (6.1.6)
and .
D) +2M00() = (152 i (6.17)

These equations can be solved self-consistently by assuming that QS,*) is order

(Mg)° while Q,(,") is order Mg 1. A recursive solution follows. From eq. (6.1.7)

~ 1 (1=, .~ vD ~
o (L) ipo) ;i =0

Plugging into eq. (6.1.6) and dropping terms of order 1/M<22 and higher, we

have

ivDQW) = - (1;’5) uleJQ (1;’5) ipQLt (6.1.9)
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The right hand side involves

(59 (50 ()

[3DuD, (17,7} + 1r2*D - o0y (152

1 1+
- (T) [D? - (vD)? + 39.0"" G ] (_21)
(6.1.10)
where 6#¥ = i[y# "] and G,, = :>-[D,, D,] is the QCD field strength tensor.
2 H 19,

This equation of motion is obtained from the lagrangian
£Y = §,ivDQ, — —I-—Q [D"’ —(vD)? + Is v ] Q (6.1.11)
eff v 2MQ v 2 I v 1.

Here I have reverted to the notation @, for é.(,+).

From this procedure it should be clear how to include into Eg}’f) higher order
terms in the 1/Mq expansion.

The 1/Mq term in L:Sf)i‘) is treated as small. If it is not, it doesn’t make
sense to talk about a HQET in the first place. It is therefore appropriate to
use perturbation theory to compute its effects. In this perturbative expansion,
the corrections of order 1/Mq to Green functions, and therefore to physical

observables, are computed by making a single insertion of the perturbation

AL [DZ ~ (vD)* + ‘%’a‘“’GW] Q. . (6.1.12)

1 =
= 515

The symmetries of the HQET, discussed at length in chapters 1 and 3, are
broken by AL. It is useful to classify the terms in AL by their transformation

properties under the symmetries.

Summing over N species of heavy quarks, the mass term becomes
N
A=Y oGO (DD + oGl (0119
i=1 *
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To the extent that the masses are different, this transforms in the Ny x Ny =
Adj + 1 representation of SU(Ny). Defining

1 _ 11
— = _Z—, (6.1.14)
2M T Ny ~ 2Mq,
the Adjoint and Singlet part of AL are
(1 1
acri =3 (i = 1) QO 1D+ 0D + oG] Q) (6115)
i=1 '
and
1 &
AL = 5 3@ [DP 4 (D) + 39,07 Gu] Q. (6.0.16)
i=1

Only the chromo-magnetic moment operator

Quo* G Qy (6.1.17)

breaks the spin-SU(2) symmetry. To elucidate the transformation properties

of this operator, consider
Quo*'T*Q, (6.1.18)

in the v = (1, 0) case. The ¢% vanish, so we are left with
QleT?Q,. (6.1.19)

In a 2 x 2 notation, this involves only {o*,07] = ie*o* so this operator trans-
forms like the 3, i.e., the Adj, of spin-SU(2).

A single insertion of AL does include all orders in QCD, and it will often
prove difficult to make precise calculations of 1/Mq effects. Since AL is treated
as a simple insertion in Green functions, its treatment in the HQET is entirely
analogous to that of current operators of section 2.3. There are coefficient
functions that connect the HQET results with the full theory. It is convenient

to include them directly into the effective lagrangian as?32425

AL = _—21\14Q Qu [61 D? + Cz(U-D)2 + %ngsaﬂyauu] Qo. (6.1.20)
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Here
e =ci(Mo/u, 9s) (6.1.21)

can be determined through the methods discussed extensively in chapter 2. In

leading-log, one finds

= —1
_ -8/(33-2ny)
c2=3(_a’(”)) -2 6.1.22
aa(MQ) ( e )
om0y
513(MQ)

6.2 The Corrected Currents

Just as the lagrangian is corrected in order 1/Mg, any other operator is
too. In particular, the current operators studied in chapters 2-5, are modified in
this order. At tree level, these corrections are given by the change of variables
of last section:

Jr = qTQ — gle~*Mave [Q., + ?A{I_Q (%) iIJ)Q,,] . (6.2.1)

Beyond tree level, this sum of two terms has to be replaced by a more
general sum over operators of the right dimensions and quantum numbers. The

replacement is

- AG) - 1 0]
Jp — e~Mave (Z Cl(_})qI','Qv + M XJ:DFJ 0,‘) (6.2.2)
where O; are operators of dimension 4 that include, for example, the operators

qrinQ, , iEeD)Q, ,  FriPQ, . (6.2.3)

A complete set of operators, and the corresponding coefficients, 5? ), for the
cases I' = y# and T' = y*v5, can be found in refs. [24,26] in the leading-log

approximation.
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The case of two heavy currents is similar. A straightforward calculation

gives
Jl" - Q’FQ ___’e—iMqu-z+iMQm'-x [Q—:)'FQ()
1 -, 1-9\. 1 -, =< (1-4
+are et (151 0.+ = 0ui (15E) ral]
(6.2.4)

Again, beyond tree level we must replace this expression by a more general sum

over operators of dimension four,

. . . Al 1 i
Jp — e~ tMgouz+iMgiv'z [Z CI(‘)Q:;/I‘st +2MQ ZD%’)OJ
J i
' (6.2.5)
1 F19)
——N"D .
g ; o;

It is worth pointing out that, in the computation of the coeflicient functions
59), 13{3) and ﬁgj), there is a contribution from the term of order (1/Mgq)°. In
computing the coefficient functions to order 1/Mq one must not forget graphs
with one insertion of the zeroth order term in the current and one insertion of

the first order term in the HQET lagrangian.

6.3 Corrections of order m./my

In the case of semileptonic decays of a beauty hadron to charmed hadron,
we introduced earlier an approximation method (“Method II” in section 2.4) in
which m./m; was treated as a small parameter. Now, m./my ~ 1/3 and you
may justifiably worry that this is not a good expansion parameter. We will see
in this section that the corrections are actually of the order of a,/x(m./m;)
and therefore small. Moreover, they are explicitly calculable.

The strategy is** to look at those corrections of order 1/m; which may be
accompanied by a factor of m.. In the first step of the approximation scheme
we construct a HQET for the b-quark, treating the c-quark as light. We must,

of course, keep terms of order 1/m; in this first step. The second step is to go
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over to a HQET in which the m.-quark is also heavy. For now, we care only
about terms in this HQET that have positive powers of m..

In the first step, the hadronic current ¢l'b, with I' = 4# or T' = y¥7s, is
replaced according to eq. (6.2.2). The question is, which terms in eq. (6.2.2) can
give factors of m, when we replace the c-quark by a HQET quark, c,/. Recall
that, once we complete the second step, all of the m, dependence is explicit.
The answer is that any operators in eq. (6.2.2) which have a derivative acting
on the c-quark will give a factor of m.. From eq. (6.1.2) we see that a derivative
i0, acting on the charm quark becomes, in the effective theory, the operation

mcv), +i0y. So the prescription is simple: take Jr in eq. (6.2.2) and replace
i0y — mcv), (6.3.1)

in those terms where i3, is acting on the charm quark.

For example, if the operator
l &=
—cipTb, (6.3.2)
my

is generated at some order in the loop expansion, it gives an operator

—r—";—:év:yf’l‘b,, = -;'Z—:au,rb., (6.3.3)
after step two is completed.

It is really interesting to note that the resulting correction does not in-
troduce any new unknown form factors. For example, the matrix element of
(6.3.3) between a B and a D is given by eq. (5.2.2) only with an additional
factor of —m./m, in front.

The calculation described here has been performed in the leading-log ap-

proximation in ref. [24]. The correction to the vector current is
m, _ ,
AV“ = m—CUl(al')’“ + arvy + agv,‘)bu (634)
b

where the coefficients a; = a;(z), written in terms of

o= Ba(me) (6.3.5)

a, (mb)
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are

200’ '
v’ + 122_3/25 _ 34vv 926/25
27 54

8 6/25
25 vv'z Inz

a = g(v-v' -1)- —1%2:_6/25 +

ay = 9(l 2vv') 9~ TR - T

as = 1 22-3/25 _ ;8125

9
(6.3.6)

In particular, this gives a contribution to the form factor, at v = ', of
me
E(al + az + a3)|.,,,:=1 ~ 07 (6.3.7)

This is not negligible! It is reassuring that this type of corrections can be
extracted explicitly. On the other hand, it should be remembered that both
corrections of order (m./m;)? and of subleading-log order can still be consid-

erable and should be, but have not been, computed.

6.4 Corrections of order A/m, and A/m;.

Corrections to the form factors for semileptonic decays of B’s and A;’s that
arise from the terms of order 1/m, in the effective lagrangian eq. (6.1.11) and
the currents egs. (6.2.2) and (6.2.5) are, in principle, as large or larger than those
considered in the previous section. It is a welcome surprise that the corrections
to the combination of form factors that contribute to the semileptonic decay
vanish at the endpoint vo’ = 1. Thus, the predicted normalization of form
factors persists, although, as we will see, not so the relations between form
factors.

The decay?” Ay — A ev is simpler to analyze than the decays?® B — Dev
and B — D*ev. Moreover, it turns out that for the baryonic decay some
relations between form factors survive at this order. For these reasons, we will
present here the baryonic case. We will briefly return to the decay of the meson

"at the end of this section, where we will describe the result.
There are three form factors for the matrix element of the vector current

between Ay and A, states, and three more for the matrix element of the axial
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current. It is remarkable that all six are given in terms of one universal ‘Isgur—
Wise’ function®. This can be derived from arguments similar to those of section
5.2. From the discussion at the end of section 3.5 one has that, in the effective

theory, the matrix element of the current is given by
(Ac(v', 8") [0 Db |Ab(v, 5)) = ((v0")iC) (V)T (v). (6.4.1)

There are two types of corrections to consider?”, coming from either the
modified lagrangian of from the modified current. We start by considering
the former. The ¢; and ¢; terms in the effective lagrangian (6.1.20) transform
trivially under the spin symmetry, contributing to the form factors in the same
proportion as the leading term in eq. (6.4.1). This effectively renormalizes the
function ¢ but does not affect relations between form factors.

Moreover, the normalization at the symmetry point vo' = 1 is not affected.
This is a straightforward application of the Ademollo-Gatto theorem. If j, is
a symmetry generating current of a hamiltonian Hy, then corrections to the
matrix element of the current, at zero momentum, from a symmetry-breaking
perturbation to the hamiltonian, e H;, are of order ¢2. In the case at hand the
Ademollo-Gatto theorem implies that corrections to the normalization of ¢ at
the symmetry point are of order (1/m.)?.

The chromomagnetic moment operator in the lagrangian (6.1.20) does not

give a contribution at all. The spin symmetries imply

(Ac(v',s')|T/d4z (Cor o™ Guycyr)(2)(CyrThy )(0)|Ap (v, 5))

1+

= pr(v,v')i](’l)(v’)a.uu (____) ru(a). (6.4.2)

2

The function {,, must be an antisymmetric tensor and must therefore be pro-

portional to vj,v, — v, v,. But

(li2l’_) o (#) v, =0, (6.4.3)

This, we see, is an enormous simplification. There is no analogous simple reason
for the matrix element of the chromomagnetic moment operator to vanish in

the case of a meson transition. There are additional form factors in that case.
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We turn next to the contribution from the modification to the current. We
need the matrix element of the local operators of order 1/m,. in eq. (6.2.5).
Since the coefficients ﬁg )in eq. (6.2.5) are known only to leading-log order, let
us concentrate on the operators that arise from tree level matching, eq. (6.2.4).

Consider the matrix element
(A", 8")|6yri D uTby |As(v,5)) = ) (V) Tu(v)[Avy + Bvl],  (6.4.4)

where the form of the right hand side follows again from the spin symmetries.
The form factors A and B are not independent. Rather, they are given in
terms of (. To see this, note that, contracting with v, and using the equations
of motion,

B = —vv'A. (6.4.5)

Also, if the mass of the | = 1/2 state in the effective theory is A, then
(Ac(v, 8')[i0(Gu Tbo)|As(v, 8)) = A(vy — v, ) (v0") &) (v")[u(v). (6.4.6)
Contracting with v, using the equations of motion and eq. (6.4.5) we have
A(l = (vo")?) = A(1 — v’ (6.4.7)
Therefore, the matrix element of interest is

(A8, i BTbus(r,5)) = Al(on') 20 5 ) Tl 0)

1+ v’
(6.4.8)
where ' = ¥# or 4#vs. Putting it all together, one finds
A 1
a6 ()|
Py (6.4.9)
Fr=G= G1m¢ (1 +v-v’)

F3 = G3 =0
Moreover, o
Gi(1) = ("’("“’)) (6.4.10)

d.s("nc)

59

as before. Up to an unknown constant, A, there are still five relations among
six form factors. We can estimate A by writing A = My —m, = (M, — Mp)+
(Mp —m,). If the ‘constituent’ quark mass in the D meson is ~ 300MeV , then
A ~ 700MeV. With this, we can estimate the next order corrections to be
of the order of (1_\/2mc)2 ~ 5%. There are, of course, additional computable
corrections®), of order A/2my and a,(m.)/7 (A/2m,).

The result of 1/m, corrections to the mesonic transitions is quite different.
There both the matrix elements of the correction to the current and of the time
order product with the chromo-magnetic moment operator lead to new form
factors. The result is that there are incalculable corrections, of order A/2m,, to
all the leading order relations between form factors. Even if A is smaller in this
case, presumably A ~ 300MeV, these corrections may be large, say 10%-20%.
Remarkably, at the symmetry point, v"v = 1, there are no corrections of order
A/2m, to the leading order predictions. Thus, one may still extract the mixing
angle |Vg| with high precision from measurements at the end of the spectrum

of the semileptonic decay rates for B — Dev and B — D*ev.

7. Conclusions and More

We close these lectures by mentioning briefly, and without much explana-
tion, several other results that have been obtained over the last year or so using
HQET techniques. The intention here is not to educate, but to motivate the
audience into learning more about HQET’s applications by going directly to
the original literature. We hope then, that rather than these being conclusions,
they are, for the audience, really the beginning of the study of the subject. It
should be stressed that this is not intended as a complete list of applications.
Rather, a selection has been made given several factors, such as the familiarity

of the author with the subject and space limitations.

9) I believe, although have never checked, that the A/2m; corrections are
given simply through the replacement A/2m. — A/2m, — A/2m; in eq. (6.4.9)

60



7.1 Inclusive Semileptonic Decay Rates

It has long been held that the inclusive semileptonic decay rate of a B into

charmed hadronic states is well approximated by the underlying quark decay
width

Y T (B - X.e0) ~ T (b— cev) (7.1.1)
X

The HQET provides a derivation of this statement3°. The result is even finer

than the doubly integrated result in Eq. (7.1.1). It can be shown that

T _ d’r _
<; da:dy(B - Xceu)>j ~ <;i_;d_3;(b — ceu)>f (7.1.2)

where z = ¢2/M} = (p. + ps)2/M} and y = pyp./M3, and the averaging is
defined by

(P = [ " dy W) F(2,5) (1.13)

Ymin

Here f must be a smooth function, and, in particular, f = 1 is a possible
choice, leading to eq. (7.1.1). Because this is derived systematically, corrections
of order A/m; and of order &,(m;)/7 can be systematically studied.

It is very important to understand the role played by the averaging over
y in eq. (7.1.2). Although frequently used, the corresponding identity without
averaging, i.e., eq. (7.1.2) with f(y) = 8(y — yo), is not valid. This is most
easily seen by considering the region of y close to ymnax, which is dominated by
resonances, e.g., the D and D*. This means, in particular, that the correspond-
ing formula for b — uew, should not be trusted close to the end of the electron
energy spectrum. It is not a good idea to extract |Vy;| from a study of this

kinematic region that uses the free quark model.

7.2 B — med and B — pev

The decays B — Dei and B — D*ei can be used, as we have seen, to
extract the mixing angle |V,;| with high precision. The determination of |V,
is far more complicated. Experimentally, the fact that |Vys|/|Ves] < 1, and

that charm decays fast to light hadrons makes the process b — uev difficult to
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observe. While the experimental effort has concentrated mainly on establishing
the occurrence of the inclusive process B — Xev in the kinematic regime
inaccessible to the underlying b — ¢ transition, it is expected that it will shift
towards the determination of exclusive modes, such as B — pe. These will
give clean, unquestionable evidence of the observation of the underlying b — u
transition. Theoretically, the calculation of either inclusive or exclusive rates is
very untrustworthy, the existing results (mainly from phenomenological models)
varying wildly and depending sensitively on the choice of parameters.

The HQET suggests a method3! that may afford higher accuracy in the
extraction of |V,;| from exclusive decays. At the very least, since the method
follows from the HQET, the corrections to the lowest order predictions can
be studied. This should give us some idea of what is the uncertainty in the
determination of the CKM angle (something that can hardly be said about the
existing alternatives).

The idea is simple. As opposed to what was done in the B — D case, the
symmetries of the HQET cannot be used to relate the initial and final states
anymore: the ‘brown muck’ of the B is not at all the same as that of the p (or
the =, or any other light quark resonance, for that matter). Nevertheless, the
HQET flavor symmetry can be used to relate the B — p and D — p matrix
elements. Measure the form factors for the latter and use them for the former.
One could even use the light quark flavor SU(3) symmetry to relate the form
factors for D — p and the Cabibbo allowed D — K*.

There are altogether 6 form factors in the B — 7 and B — p matrix
elements, defined in a way entirely analogous to egs. (4.1.1), and which we
label with a B superscript, e.g., ff. The corresponding D form factors are

labeled with the superscript D. The HQET gives

(7(0")ljulB(v)) = (7(p)]jul D(v))
(p(P)eliul B(v)) = (p(p')eliu| D(v)),
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Here, j, stands for either V, or A,. It is straightforward to find the relations

between form factors. For example,

1{ [3 M
fEr) =5 (ﬂ-ﬁfi \/-ﬁ—ﬁ) ff(-M—gpp')

(7.2.2)
1 Mp Mg\ .p,Mp ,
+3 (‘/MB ¥ ‘/Mp) £= ()
where we have written f{ as a function of pp’ rather than ¢ = —2pp’ + m% +

m2.

There are two practical difficulties with this proposal. One is that the end
of the spectrum for the B decay, (Pp')max = (m? + m2)/2 goes well beyond the
end of the spectrum for the D decay. Neglecting the pion mass for simplicity,
we see that fP(pp') cannot be inferred from f for mpm;/2 < pp’ < m¥/2.
The second difficulty is that both ff and f2 need to be known to determine
ff . But the contribution of fP to the decay rate is suppressed, relative to
that of fP, by a factor of (m¢/mp)?, where m; is the mass of the charged
lepton. Unfortunately, the decay D — #7v is not kinematically allowed. Now,
Br(D® — 7~ etv,) ~ 3.9x1073, and we expect a similar branching fraction into
muons, so to determine f2 one needs roughly (1/3.9x 10~3)(mp /m,)?(1000) ~
108, where the last factor of 1000 assumes an efficiency of 10% and that one
needs 10 bins with, on average, 10 events each. This is the stuff of future tau-
charm factories. Alternatively, one can assume SU(3) symmetry and focus on
the decay Dt — K*e*v,, with a branching fraction of 3.8%.

To our knowledge, the 1/m. corrections to this process have not been
studied.

7.8 Rare B decays

As mentioned in the introduction, rare B decays are believed to be a good
probe of new physics. For ‘calibration’ it is important to obtain precise pre-
dictions from the standard model. Unfortunately, this often involves hadronic
matrix elements which, needless to say, we can’t compute. The HQET gives us

a handle on this problem®!. Again, the trick is to relate the matrix element of
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interest, say B — Ke%e™, to a more easily measured process, like D — Kev.
In fact, it is easy to analyze this example in some detail, for we only need the
matrix element of the vector current between the heavy and light pseudoscalar
meson states. But this is precisely the same problem as studied in the previous
section. Now, though, the semileptonic D decay is not Cabibbo suppressed, so
one can do much better!

The processes B — K*y and B — K*ete™ receive contributions from a

transition magnetic moment operator, i.e., one needs to compute
(K*(p")el5L.0"" br|B(p)). (7.3.1)

It is remarkable that the spin-SU(2) symmetry of the HQET allows us to relate
this to the matrix element of a current (which is itself related to semileptonic
D decay). To see how this goes, consider, for example, the g = 0, v = i terms,
i.e., the matrices 0%. These are proportional to %7 — y'v% = —2¢'4°. Now,
in the rest frame of the B meson, v = (1, 0), and the projection operator in the
HQET is (1+ #)/2 = (1 4+ 7°)/2. So in the HQET, one can substitute

50%bp — —i517'by. (7.3.2)

Unfortunately, the two-body decay B — K*7 has a fixed K* momentum outside
the kinematic range of the appropriately rescaled momentum in the correspond-

ing semileptonic D decay.

7.4ete” — BB

In ete~ annihilation into a pair of heavy quarks, the HQET can be used
to relate cross sections for different exclusive processes!®32. For example, the

flavour symmetry can be used to relate o(ete~ — BB), at a center of mass

energy of v/s = mp\/(v+ v')2, to o(ete” — DD), at /s = mpy/(v+v')%
Also, the spin symmetry can be used to relate (ete~ — BB), o(e*e~ — B*B)
and o(ete~ — B*B*). They are in the ratios,

14+h : s/2m} : 3(1+s/3mi +h), (7.4.1)
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where

20,
h=-— - \J1 - 4m?/s log (s/2m§ —14s/2md\/1 - 4m§/s) . (142)

7.5 Ay — AcD, vs. Ay — A.D;

Here is an example of an application to a purely hadronic weak decay®3. To
exploit the symmetries of the HQET, one constructs an effective hamiltonian
for the underlying process b — cts. It is a sum of four quark operators (3 la

Fermi), roughly of the form

7" (1 = 1)hO) (B ya(1 = 75)hD), (7.5.1)

where hf,Q) is the field, in the HQET, for the heavy quark of flavor @ and
velocity v. From this, one can study the implications of the spin and flavor
symmetries on the amplitudes for, for example, Ay — A D,.

There are two independent terms in the amplitude for Ay — A.D,, and
two for Ay — A.D;. The symmetries give the latter in terms of the former.
The amplitude A(As(v) — Ac(v')D,(7)) is given by

a(v',s")[S + Pys]u(v, s) , (7.5.2)

where S and P are respectively amplitudes for the D, to be in an S-wave
and P-wave orbital angular momentum state. The amplitude A(Ay(v) —
Ac(v')D}(7,¢)) is then given by

3u(v',8")(1+75) [(A + 2Bv’)¢* — 2B(c*v)} + BR#¢*) u(v, s), (7.5.3)
where
A=S-P and Bz—(:—'c’)(S—P)—-(S—{-P). (7.5.4)
7.6 Factorization

Factorization in two body decays of heavy pseudoscalar mesons was resur-
rected a few years ago as a means of estimating their rate, using existing cal-
culations of semileptonic decay form factors. For the factorization assumption

no justification was given. Here by factorization I mean, for example,
(Dx|5*Ju|B) ~ (D}Ju|B){(xl5*10), (7.6.1)
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where J, and j, are the V — A currents for b — ¢ and © — d, respectively.
Comparing the rate for B — Dr to the semileptonic one, using this identity

naively, one finds _
(B — D)
dT(B—Deb)

3
dm3,

= 6n° 2. (7.6.2)
mi, =m}

The problem with eq. (7.6.1) is that it makes no sense. The left and right
sides have different dependence on the renormalization point. Such a relation
cannot have physical content. The HQET, together with mild extensions of
the method, furnish a way®* of correcting eq. (7.6.1). Of course,it is more than
that, because the corrected version can actually be shown to hold. In fact, as
far as we know, this and the large- N.g1or One are the only proofs of factorization

in some limit of the underlying theory. The result is a slight modification of

eq. (7.6.2): ~
(B — Dr)
dT(B—sDev) |

3
dm3,

= A%6x2f2, (7.6.3)
ml, =m3
where A is a calculable correction factor. In the leading-log approximation
A =~ 1.05, in remarkable agreement with experiment3®. The violations to fac-
torization are expected to be of the order of A/(Mp/2) ~ A/2Mp ~ 10%.
Just as interesting is that the same method cannot be used to prove fac-
torization in some other processes, such as B — 77 and B — DD. In fact,
it suggests that factorization does not hold for them. A striking confirmation
(or refutation) of these ideas could be provided by studying of B — Dmxw. The
methods of ref. [34] suggest factorization holds only in the limit of colinear pi-
ons, and it would be interesting to plot the decay rate as a function of the angle

between the pions, in units of the rate computed by assuming factorization.

7.7 A Last Word (or Two)

Sometime towards the beginning of the year 1990, an esteemed colleague
asked me whether there was anything left to do with the, then newly discov-
ered, HQET. I honestly and somberly replied a dry “no”. My good friend was

discouraged from learning and working on the subject. A few months later,
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the same physicist, somewhat indignantly, and after some four or five new im-
portant results had been discovered, asked the same question. This time I was
more cautions in my reply: “I don’t think so, but you never know...”. I won'’t
relate to you what he said a few months later.

Because of its simplicity and power, it is by now clear that the HQET
has established itself as one of the important tools in the theoretical physicist’s
toolbox. On the other hand, it is by no means clear that ‘everything has been
done’. There are many phenomenological studies to be made. Corrections to
many processes have not been studied. And, probably, many other applications
remain to be found. Hopefully these lectures will entice you into learning the

subject and lead you to some of those investigations.

Acknowledgments

I would like to thank the Departamento de Fisica of the Centro de Investi-
gacién y Estudios Avansados del IPN, and in particular Dr. Miguel Angel Péresz,
for their invitation to deliver these lectures, and for their kind hospitality. I
am indebted to many of my colleagues for listening to my dribble as I tried to
come to terms with the material presented here. In particular, I am grateful to
Mike Dugan, Mitch Golden, Howard Georgi, Mark Wise and Nathan Isgur for
keeping me honest (to the extent they could). The material in section 2.5 was
developed at the insistence of Dave Jackson, and with the help of M. Dugan
and M. Golden.

I would like to thank the Alfred P. Sloan Foundation for partial support.
This work is supported in part by the National Science Foundation under grant
PHY-87-14654, by the Texas National Research Laboratory Commission, un-
der grant RGFY9106 and by the Department of Energy under contract DE-
AC35-89ER40486.

67

© ® N>

10.

11.
12.
13.
14.
15.

16.

17.

18.

19.

20.
21.

References

For a recent review see Y. Nir, The CKM Matriz and CP Violation, SLAC-
PUB-5676, WIS-91/73/0ct-PH, October 1991

ARGUS Collaboration, H. Albrecht i.e.et al, Phys. Lett. B192 (1987) 245
E. Eichten, Nucl. Phys. B(Proc. Suppl.)20 (1990) 475

N. Isgur and M.B. Wise, Phys. Lett. B232 (1989) 113; Phys. Lett. B237
(1990) 527

M. B. Wise, New Symmetries of the Strong Interaction Lectures given at
Lake Louise Winter Inst., Lake Louise, Canada, Feb., 1991. CALT-68-1721
H. Georgi, Heavy Quark Effective Field Theory, HUTP-91-A039

E. Eichten and B. Hill, Phys. Lett. B234 (1990) 511

B. Grinstein, Nucl. Phys. B339 (1990) 253

H. Georgi, Phys. Lett. B240 (1990) 447

M. Dugan, M. Golden and B. Grinstein, On the Hilbert Space of the
Heavy Quark Effective Theory, HUTP-91/A045, BUHEP-91-18 and SSCL-
Preprint-12, Nov. 1991

E. Witten, Nucl. Phys. B122 (1977) 109

G. Altarelli and L. Maiani, Phys. Lett. 52B (1974) 351

M. K. Gaillard and B. W. Lee, Phys. Rev. Lett. 33 (1974) 108

T. Appelquist and J. Carrazone, Phys. Rev. D11 (1975) 2856

M.B. Voloshin and M.A. Shifman, Sov. J. Nucl. Phys. 45 (1987) 292;
H.D. Politzer and M.B. Wise, Phys. Lett. B206 (1988) 681; B208 (1988)
504

A.F. Falk and B. Grinstein, Phys. Lett. B249 (1990) 314

A. Falk, H. Georgi, B. Grinstein and M.B. Wise, Nucl. Phys. B343 (1990)
1

S. Nussinov and W. Wetzel, Phys. Rev. D36 (1987) 130;

M.B. Voloshin and M.A. Shifman, Sov. J. Nucl. Phys. 47 (1988) 511

E. Eichten and F. L. Feinberg, Phys. Rev. Lett. 43 (1979) 1205; Phys. Rev.
D23 (1981) 2724;

E. Eichten, Nucl. Phys. B(Proc. Suppl.)4 (1988) 170.;

G. Lepage and B.A. Thacker, Nucl. Phys. B(Proc. Suppl.)4 (1988) 199;
W. E. Caswell and G. P. Lepage, Phys. Lett. B167 (1986) 437

C. Carone, Phys. Lett. 253B (1991) 408

N. Isgur and M. B. Wise, Phys. Rev. Lett. 66 (1991) 1132

68



22.
23.
24.
25.
26.
27.
28.
29.

30.

31.
32.
33.

34.
35.

X. Ji and M. J. Musolf, Phys. Lett. B257 (1991) 409

A. Falk, B. Grinstein and M. Luke, Nucl. Phys. B357 (1991) 185

A. Falk and B. Grinstein, Phys. Lett. B247 (1990) 406

E. Eichten and B. Hill, Phys. Lett. B243 (1990) 427

M. Golden and B. Hill, Phys. Lett. B254 (1991) 225

H. Georgi, B. Grinstein and M. B. Wise, Phys. Lett. 252B (1990) 456
M.E. Luke, Phys. Lett. B252 (1990) 447

N. Isgur and M.B. Wise, Nucl. Phys. B348 (1991) 276;

H. Georgi, Nucl. Phys. B348 (1991) 293;

T. Mannel, W. Roberts and Z. Ryzak, Nucl. Phys. B355 (1991) 38; Phys.
Lett. B255 (1991) 593

J. Chay, H. Georgi and B. Grinstein, Phys. Lett. B247 (1990) 399;

J.D. Bjorken, talk presented at Les Recontré de Physique de la Vallee
d’Acoste, La Thuile, Italy, March 18-24, 1990, SLAC-PUB-5278 (1990)
unpublished

N. Isgur and M.B. Wise, Phys. Rev. D42 (1990) 2388

T. Mannel and Z. Ryzak, Phys. Lett. B247 (1990) 412

B. Grinstein, W. Kilian, T. Mannel and M. B. Wise, Nucl. Phys. B363
(1991) 19

M.J. Dugan and B. Grinstein, Phys. Lett. B255 (1991) 583

D. Bortoletto and S. Stone, Phys. Rev. Lett. 65 (1990) 2951

69

70






